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Abstract We examine the phase space of Horˇava-Lifshitz
cosmology for a wide range of self-interacting potentials
for the scalar field under the detailed-balance condition and
without imposing it, by means of the powerful method of f -
devisers. A compactification approach is performed for the
exponential potential and for potentials beyond the exponen-
tial one, extending the previous findings in the literature. By
using this approach it is possible to describe the finite region
of the phase space and the region where the phase-space
variables becomes infinity. Furthermore, we present several
results concerning the stability of the de Sitter solution in
Horˇava-Lifshitz cosmology using Center Manifold theory.
The advantages of this procedure are unveiled immediately
when it is compared with the Normal Forms Calculations
presented before in the literature.
Keywords Modified Gravity, Horˇava-Lifshitz cosmology,
Dark Energy, Asymptotic Structure.
1 Introduction
Horˇava-Lifshitz (HL) gravity is a power-counting renormal-
izable theory with consistent ultra-violet (UV) behavior ex-
hibiting an anisotropic, Lifshitz scaling between time and
space at the UV limit and contains General Relativity (GR)
as an infrared (IR) fixed point [1]. HL theory is closely re-
lated to the Einstein-æther theory [2–10], which is an ef-
fective field theory, preserving locality and covariance, con-
sisting of GR coupled at second derivative order to a dy-
namical time-like unit vector field, the æther. In the IR limit
of extended Horˇava gravity [1, 2], the aether vector is as-
sumed to be hypersurface-orthogonal. That implies that ev-
ery hypersurface-orthogonal Einstein-æther solution is a Horˇ-
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ava solution [11]. However while the latter equivalence is
true in terms of exact solution it is not a general true for
other results which follow from the direct form of the field
equations, like the PPN constraints and other [12]. In the
recent years there has been a lot of interest in some as-
pects of the HL theory, and several analyzes have been car-
ried on, e.g., in [13–30]. To reduce the number of terms in
the Lagrangian formulation one may impose the detailed-
balance condition [1]. Under detailed -balance, the (D+1)-
dimensional theory acquires the renormalization properties
of the D-dimensional one, that is, the theory has a quantum
inheritance principle. However, there is a discussion whether
the detailed -balance condition leads to reliable results or if it
is able to reveal the full information of Horˇava-Lifshitz grav-
ity [31]. Therefore, one needs to investigate also the phe-
nomenology when the detailed-balance condition is aban-
doned. One important application of HL gravity is that of
the HL cosmology [31–44]. In [45] it was proposed a possi-
ble solution to the flatness problem, in which it is assumed
that the initial condition of the Universe is set by a small in-
stanton respecting the same scaling. In [46] it is analyzed the
electromagnetic-gravity interaction in a pure HL framework
formulated in 4+1 dimensions and it is performed a Kaluza-
Klein reduction to 3+1 dimensions. In [47] it was studied a
noncommutative version of the Friedmann-Robertson-Walker
(FRW) cosmological models within the gravitational HL the-
ory. The matter content of the models is described by a per-
fect fluid and the constant curvature of the spatial sections
may be positive, negative or zero. In [48] it is examined the
Hamiltonian dynamics of bouncing Bianchi IX cosmologies
with three scale factors in HL gravity. It is considered a pos-
itive cosmological constant plus non-interacting dust and ra-
diation as the matter content of the models and the dynamics
is presented in a six-dimensional phase space.
In the review [49] are discussed some recent develop-
ments of the HL theory: (i) universal horizons, black holes
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2and their thermodynamics; (ii) non-relativistic gauge/gravity
duality; and (iii) quantization of the theory. In the reference
[50] was tested HL cosmological scenarios against the new
observational constraints: an updated cosmological data set
from Cosmic Microwave Background (Planck CMB), ex-
pansion rates of elliptical and lenticular galaxies, JLA com-
pilation (Joint Light-Curve Analysis) data for Type Ia super-
novae (SneIa), Baryon Acoustic Oscillations (BAO) and pri-
ors on the Hubble parameter with an alternative parametriza-
tion of the equations. The authors considered the curvature
parameter as a free parameter in the analysis, and they found
that the detailed-balance scenario exhibits positive spatial
curvature to more than 3σ , whereas for further theory gen-
eralizations it was found evidence for positive spatial curva-
ture at 1σ . Moreover, HL gravity is consistent with the re-
cent observation of the gravitational-wave event GW170817
[51].
The thermodynamics of cosmological models in the HL
theory of gravity for a perfect fluid was studied in detail
in [52]. The cosmological evolution was studied, including
the periods of deceleration and/or acceleration, and the exis-
tence of big bang, big crunch, and big rip singularities, and
bouncing universe [52].
Though HL gravity received a lot of attention a decade
ago, on its first stages of the theory, the difficulty to overpass
some theoretical problems have lead the scientists to study
other Lorentz violated theories such as the Einstein- æther
theory, but still there are various groups which try to solve
some of the problems of HL theory. For instance the prob-
lem to restore the Lorentz invariance on the low-energy limit
has been the subject of various studies. The most simple sce-
narios are that Lorentz invariance is recovered because the
renormalization group flow of the system leads to emergent
infrared Lorentz invariance, that supersymmetry protects in-
frared Lorentz invariance or a classically Lorentz invariant
matter sector with controlled quantum corrections may sim-
ply coexist with HL gravity under certain conditions [53–
56].
While there has been various attempts in the study of the
renormalizability HL theory, its complete renormalizability
has not yet been proven [57–60]. However, only recently, in
[59] the renormalizability of the projectable HL gravity was
proven. Projectable HL gravity does not provide the limit
of GR, however it has many common physical properties
with GR and that makes it an interesting case of study. Other
open subjects of HL gravity are the renormalization group
flow [61], the coupling with matter and the effects of Lorentz
violation [62, 63].
Even though the theory has some drawbacks enumer-
ated in Section 2, still there are found several attempts to
cure some of these problems. In [29] the authors reconsid-
ered the “detailed balance” as a principle that can be used
to restrict the proliferation of couplings in HL gravity, and
for the usual shortcomings -that have been usually associ-
ated with it in the literature- were found easy resolutions for
all of them within the framework of detailed balance, but
the most persistent is related to the projectability. The fact
some of these issues are very difficult to be answered, how-
ever, does not spoil the interest in the theory. Recently, it
was increased the interest in finding solutions in HL grav-
ity and in Einstein-æther theory. Recently in [64] it was
presented a procedure to construct anisotropic interior so-
lutions in Horˇava gravity and Einstein-æther theory and in
[65] it was investigated interior solutions with anisotropic
fluids in the context HL gravity and Einstein- æther theory
with non-static æther field, with the field equations becom-
ing solvable. In [66] we have found exactly solvable mod-
els for a prototype of HL cosmology imposing the so called
projectability condition, and considering the “detailed bal-
ance” condition [36]. In particular, we performed a detailed
study of the integrability of the HL scalar field cosmology
in a FLRW background spacetime. More specifically, we
have tested if the gravitational field equations possesses the
Painlevé property. For the exponential potential of the scalar
field we are able to perform an analytic explicit integration
of the field equations and write the solution in terms of a
Right Painlevé series. Relativistic polytropic equations of
state in the context of HL gravity and Einstein-æther theory
were examined in [67].
In this paper we will be focused more about the gen-
eral evolution of the solution space for the model. By this
it is understood: i) to obtain a global visual picture of the
solutions space, by characterizing, locally and globally, the
so-called attractor solution; ii) to prove issues concerning
asymptotic past and future behavior, iii) generalizing and
simplifying earlier proofs in the literature, and iv) using the
Center Manifold Theory to rigorously analyze the stability
of several cosmological solutions that are of interest for in-
flation in HL gravity.
In order to investigate the generic features of a general
cosmological scenario one can apply the powerful method
of dynamical system analysis, which allows to bypass the
complexity of the involved equations and extract informa-
tion about the global features and behavior of the cosmo-
logical scenario [68–72]. In the case of HL cosmology an
initial investigation in this direction was performed in [36]
for the case of exponential potential, in which the authors
have found stable dark-energy-dominated solutions, as well
as bouncing solutions. In [73] it was investigated the proper-
ties of cosmological models based on the HL gravity by us-
ing the dynamical system approach but using different nor-
malization procedures in comparison with [36]. Lyapunov
method has been used in some gravitational scenarios, say
[74–78]. In the present work we provide a complete dynam-
ical system analysis of HL cosmology keeping the potentials
arbitrary, which is a major improvement since it allows for
3the extraction of information that is related to the founda-
tions of the cosmological model and not to the specific po-
tential form. In particular, we apply the method of f -devisers
[79–83], in which one first performs the analysis without the
need of an a priori specification of the potential, and in the
end one just substitutes the specific potential form in the re-
sults, instead of having to repeat the whole dynamical elabo-
ration from the start. As we will see, the results will be richer
and more general, revealing the full capabilities of HL cos-
mology.
The plan of the work is as follows. In Section 2 we
briefly review the gravitational field equations in HL cos-
mology where for the underlying geometry we consider that
of a isotropic and homogeneous universe. In section 3 it is
studied the spatially flat FRW universe (k = 0) without a
cosmological constant term, i.e. Λ = 0, under the detailed-
balance condition. In section 3.1 the phase space analysis
for arbitrary potentials for the latter cosmological model is
presented. Moreover, the case of the Exponential potential
V (φ) =V0e−sφ , with s constant is detailed studied in section
3.2. In section 4.3 it is studied a Powerlaw potential V (φ) =
1
2n (µφ)
2n,µ > 0,n = 1,2, . . . discussed previously in [84]
for a conventional scalar field while in section 3.4 it is stud-
ied the E-model with potential V (φ) =V0
(
1− e−
√
2
3α φ
)2n
discussed in [85] for a conventional scalar field cosmology.
The methodology we use is different from that employed
in [84, 85], and we apply the potentials in a different con-
text. However, we complimentary use analogous variables
as in [84, 85] to make comparisons with the relativistic case.
The analogous analysis is done in Section 4 for the universe
nonzero spatial curvature and without cosmological constant
term under the detailed-balance condition. Furthermore, in
Sections 5 and 6 we consider that Λ 6= 0 and we perform
similar analysis for k= 0 and k 6= 0 respectively. In section 7
is is studied the HL model beyond the detailed-balance con-
dition. With present several results concerning the stability
of the de Sitter solution in Horˇava-Lifshitz cosmology us-
ing the Center Manifold theory, summarized in Appendix A.
The main results of this research are proved in sections 3.3.1,
3.3.3, 3.4.1, 3.4.3, 4.3.1, 4.3.3, 4.4.1, 4.4.3, 5.3.2, 5.4.2, and
in Section 7.2.1. We find that in all the cases, with the ex-
ception of the model studied in Section 7.2.1, the de Sitter
solution is unstable: saddle or center-saddle. In Section 7.2.1
we prove that the de Sitter solution is locally asymptotically
stable. The advantages of this procedure are unveiled imme-
diately when it is compared with the Normal Forms Calcu-
lations presented before in the literature. Finally, Section 8
summarizes our results where also we draw our conclusions.
2 The cosmological equations
In the simple version of HL gravity [31] the line-element
can be written as:
ds2 =−N2dt2+gi j(dxi+Nidt)(dx j +N jdt), (1)
where the lapse and shift functions are respectively N and Ni.
The spatial metric is given by gi j, and roman letters indicate
spatial indices. The scaling transformation is t→ l3t and xi→
lxi.
Under the detailed-balance condition the full action of
Horˇava-Lifshitz gravity is given by
Sg =
∫
dtd3x
√
gN
{
2
κ2
(Ki jKi j−λK2)
+
κ2
2w4
Ci jCi j− κ
2µ
2w2
ε i jk√
g
Ril∇ jRlk +
κ2µ2
8
Ri jRi j
− κ
2µ2
8(3λ −1)
[
1−4λ
4
R2+ΛR−3Λ 2
]}
, (2)
where Ki j = (g˙i j−∇iN j−∇ jNi)/2N is the extrinsic curva-
ture and Ci j = ε i jk∇k
(
R ji −Rδ ji /4
)
/
√
g the Cotton tensor,
and the covariant derivatives are defined with respect to the
spatial metric gi j. ε i jk is the totally antisymmetric unit ten-
sor, λ is a dimensionless constant and the quantities κ , w and
µ are constants. Furthermore, in order to avoid phantom-like
solutions we assume γ > 13 , while for simplicity we select to
work with units where κ2 = 8piG = 1.
The matter source we consider the following action term
[31]
S =
∫
dtd3x
√
gN
[
3λ −1
4
φ˙ 2
N2
−V (φ)
]
, (3)
where by simplicity we have not considered the higher deriva-
tive terms ∝ φ∇2φ , ∝ φ∇4φ , ∝ φ∇6φ , . . ..
Cosmological Principle, of the homogeneous and isotropic
universe, leads to the consideration of the FRW metric
gi j = a2(t)γi j, Ni = 0, γi jdxidx j =
dr2
1− kr2 + r
2dΩ 22 , (4)
where k =−1,0,+1 corresponding to open, flat, and closed
universe respectively. Without loss of generality in the fol-
lowing we select N = 1.
Hence, for that specific line element, the equations are
reduced to:
H2 =
1
6(3λ −1)
[
3λ −1
4
φ˙ 2+V (φ)
]
+
1
16(3λ −1)2
[
−µ
2k2
a4
−µ2Λ 2+ 2µ
2Λk
a2
]
, (5)
H˙ +
3
2
H2 =− 1
4(3λ −1)
[
3λ −1
4
φ˙ 2−V (φ)
]
− 1
32(3λ −1)2
[
−µ
2k2
a4
+3µ2Λ 2− 2µ
2Λk
a2
]
, (6)
φ¨ +3Hφ˙ +
2V ′(φ)
3λ −1 = 0. (7)
4If the detailed -balance condition is removed, the gravi-
tational action can be schematically written as
Sg =
∫
dtd3x
√
gN(LK +LV ), where the gravitational ac-
tion have been expanded in its kinetic and potential part.
By varying N and gi j, we extract the Friedmann equations
[14, 36]:
H2 =
2
(3λ −1)
[
σ0
(
3λ −1
4
φ˙ 2+V (φ)
)
+
σ1
6
+
σ2k
6a2
+
σ3k2
6a4
+
σ4k
6a6
]
, (8)
H˙ +
3
2
H2 =− 3
(3λ −1)
[
σ0
(
3λ −1
4
φ˙ 2−V (φ)
)
−σ1
6
− σ2k
6a2
+
σ3k2
18a4
+
σ4k
6a6
]
, (9)
φ¨ +3Hφ˙ +
2V ′(φ)
3λ −1 = 0. (10)
The constants σi satisfy σ0 ≡ κ2/12, σ2 < 0, σ4 > 0.
To study the system (5), (6), (7), corresponding to HL
cosmology under the detailed-balance condition, it is more
convenient to introduce the auxiliary variables [36]:
x =
φ˙
2
√
6H
, y =
√
V (φ)√
6H
√
3λ −1 ,
z =
µ
4(3λ −1)a2H , u =
Λµ
4(3λ −1)H ,
s =−V
′(φ)
V (φ)
, f ≡ V
′′(φ)
V (φ)
− V
′(φ)2
V (φ)2
, (11)
together with N = lna and assuming that f can be written as
an explicit function of s we obtain a closed dynamical sys-
tem. For the exponential potential s is constant and f ≡ 0.
Thus, the system’s dimensionality is reduced in one dimen-
sion. Therefore, we extent the phase-space analysis of [36]
by considering potentials beyond the exponential with non-
trivial f (s). Given f (s), the stability of the hyperbolic equi-
librium points is given by analyzing the signs of the reals
parts of the eigenvalues of the matrix of linear perturbations
Q evaluated at each equilibrium point. For studying the more
general system (8), (9), (10), we can introduce the auxiliary
variables [36]:
x =
φ˙
2
√
6H
, y =
√
V (φ)√
6H
√
3λ −1 ,
x1 =
σ1
3(3λ −1)H2 , x2 =
kσ2
3(3λ −1)a2H2 ,
x3 =
σ3
3(3λ −1)a4H2 , x4 =
2kσ4
(3λ −1)a6H2 . (12)
For the common scalar field potentials the function f (s)
is found as follows. The monomial potential V (φ)= 12n (µφ)
2n,
µ > 0,n = 1,2, . . . [84] has f (s) = − s22n . The so-called E-
model studied from the dynamical systems point of view in
[85] has potential V (φ) = V0
(
1− e−
√
2
3α φ
)2n
. The corre-
sponding f -deviser is f (s) = − s(s−
√
6µ)
2n , where µ =
2n
3
√
α .
The exponential potential plus a cosmological constant V (φ)=
V0e−lφ +V1 [86–88] has f (s) = −s(s− l). The hyperbolic
potentials: V (φ) = V0 (cosh(ξφ)−1) [88–98] with f (s) =
− 12 (s2− ξ 2) and V (φ) = V0 sinh−α(βφ) [88–93, 99] with
f (s) = s
2
α −αβ 2. The double exponential potential V (ϕ) =
V0
(
eαφ + eβφ
)
[100–102] has f (s) =−(s+α)(s+β ).
The above basic models of HL cosmology proves to have
very interesting cosmological behavior [31, 35–44]. How-
ever, the gravitational sector itself proves to have instabili-
ties that cannot be cured by simple tricks such as analytic
continuation [14, 15].
There are several physical drawbacks in the theory, say,
the projectable HL does not provide the limit of GR, and
when the projectability condition it is applied-where the lapse
function is a global quantity with no variation over a con-
stant time hypersurface- the theory has not a local Hamilto-
nian constraint [103]. Additionally, in the projectable theory,
there are instability problems and strong coupling for cos-
mological solutions [14, 104, 105]. On the other hand, the
theory with detailed balance in 3+1 dimensions also it suf-
fers from some problems (see [29], and references therein):
there is a parity violating term which is of fifth order in
derivatives [106, 107]; the squared Cotton tensor, which ap-
pears in the theory, is traceless and vanishes for conformally
flat three-dimensional spaces. Therefore, it does not con-
tribute to the propagator of the scalar graviton. Hence, the
scalar mode does not satisfy the usual dispersion relation
and is not power-counting renormalizable, unlike the spin-
2 mode. This spoils the overall UV properties of the theory
[1]. The infrared behavior of the scalar mode is plagued by
instabilities and strong coupling at unacceptably low ener-
gies [14, 105]. The (bare) cosmological constant has the op-
posite sign from the observed value [106, 107] and has to be
large, much larger than the observed value [108].
Therefore, it is necessary to try to construct suitable ex-
tensions that are free of such problems. A quite general power-
counting renormalizable action is [109]:
S = Skin+S1+S2+Snew, (13)
with
Skin = α
∫
dtd3x
√
gN
[
(Ki jKi j−λK2)
]
, (14)
S1 =
∫
dtd3x
√
gN
[
γ0
ε i jk√
g
Ril∇ jRl k+ζRi jRi j
+ηR2+ξR+σ
]
, (15)
S2 =
∫
dtd3x
√
gN
[
β0Ci jCi j +β1RR+β2R3
+β3RRi jRi j +β4Ri jRikR jk
]
, (16)
5and
Snew =
∫
dtd3x
√
gN
[
a1(aiai)+a2(aiai)2+a3Ri jaia j
+a4R∇iai+a5∇ia j∇ia j +a6∇iai(a ja j)+ · · ·
]
. (17)
Thus, apart from the known kinetic, detailed-balance and
beyond-detailed-balance combinations that constitute the HL
gravitational action, in (17) it is added a new combination,
based on the term ai ≡ ∂iNN , which breaks the projectabil-
ity condition, and the ellipsis in (17) refers to dimension
six terms involving ai as well as curvatures [32]. Such a
new combination of terms seems to alleviate the problems of
HL gravity, although there could still be some ambiguities.
Therefore, one should repeat all the relevant investigations
of the literature for this extended version of the theory.
In this paper, however, we will be focused in the general
evolution of the solution space for the model (5), (6), (7)
(under the detailed-balance condition) for the situations: i):
Flat universe with Λ = 0. ii) Non-flat universe with Λ = 0.
iii) Case 3: Flat universe with Λ 6= 0. For completeness,
we perform the dynamical systems analysis of the model:
k 6= 0,Λ 6= 0 under the detailed-balance condition for arbi-
trary potentials at the finite region of the phase space. Fur-
thermore, we study the solution space at the finite region of
the phase space for the system (8), (9), (10) without detailed-
balance.
3 Case 1: Flat universe with Λ = 0 under the
detailed-balance condition
The field equations in this example become:
H2 =
1
6(3λ −1)
[
3λ −1
4
φ˙ 2+V (φ)
]
, (18)
H˙ =−1
8
φ˙ 2, (19)
φ¨ +3Hφ˙ +
2V ′(φ)
3λ −1 = 0. (20)
Now, we discuss the phase space of this model for arbi-
trary potentials and next we specify for some potentials.
3.1 Arbitrary Potentials
For an spatially flat spacetime without a cosmological con-
stant whose evolution is given by (18), (19), (20), the corre-
sponding autonomous system writes:
dx
dN
=
(
3x−
√
6s
)(
x2−1) , (21)
dz
dN
=
(
3x2−2)z, (22)
ds
dN
=−2
√
6x f (s). (23)
defined on the phase space {(x,z,s) ∈ R3 : −1 ≤ x ≤ 1},
where N = ln(a/a0) denotes the new time variable.
The equilibrium points/curves of the dynamical system
(21), (22), (23) at the finite region of the phase space are
presented in Table 1, where is shown the existence and sta-
bility conditions. We proceed to the discussion of the more
relevant features of them.
– P1(sˆ) : (x,z,s) = (1,0, sˆ). Where sˆ denotes a value of s,
such that f (sˆ) = 0. This point is reduced to P1 studied in
[36]. It is a source for f ′ (sˆ)< 0, sˆ <
√
3
2 .
– P2(sˆ) : (x,z,s) = (−1,0, sˆ). Where sˆ denotes a value of s,
such that f (sˆ) = 0. This point is reduced to P2 studied in
[36]. It is a source for f ′ (sˆ)> 0, sˆ >−
√
3
2 .
– P3(sˆ) : (x,z,s) =
(√
2
3 sˆ,0, sˆ
)
, where sˆ denotes a value
of s, such that f (sˆ) = 0 and −
√
3
2 ≤ sˆ≤
√
3
2 . This point
is reduced to P3 studied in [36]. It is a sink for f ′ (sˆ) <
0,−1 < sˆ < 0, or f ′ (sˆ)> 0,0 < sˆ < 1.
– P03 : (x,z,s) = (0,0,0). This point is new, and it was not
found in [36]. It is a sink for f (0)> 0.
– P+4 : (x,z,s) =
(√
2
3 ,zc,1
)
, where zc denotes an arbi-
trary number. Exists for f (1) = 0. It is nonhyperbolic.
– P−4 : (x,z,s) =
(
−
√
2
3 ,zc,−1
)
, where zc denotes an ar-
bitrary number. Exists for f (−1) = 0. It is nonhyper-
bolic. The above lines are reduced to the line P4 studied
in [36] when the analysis is restricted to the exponential
potential (i.e., s constant, f ≡ 0).
Owing to the fact that the dynamical system (21), (22),
(23) is non-compact, there could be features in the asymp-
totic regime which are non-trivial for the global dynamics.
Introducing the new variables
Z =
z√
1+ z2
, S =
2
pi
arctan(s). (24)
The system (21), (22), (23) therefore becomes
dx
dN
=
(
x2−1)(3x−√6 tan(piS
2
))
, (25)
dZ
dN
=
(
2−3x2)Z (Z2−1) , (26)
dS
dN
=−2
√
6x(cos(piS)+1) f
(
tan
(piS
2
))
pi
, (27)
defined on the compact phase space{
(x,Z,S) ∈ R3 :−1≤ x≤ 1,−1≤ Z ≤ 1,−1≤ S≤ 1} .
The points at the finite region of the phase space and
their stability remains the same (under the rescaling s =
tan
(piS
2
)
). The points at the infinite region of the phase space
are summarized in table 2. Now we discuss the relevant fea-
tures of them.
6Table 1 Case 1: Equilibrium points at the finite region of the system (21), (22), (23).
Equil. (x,z,s) Existence Eigenvalues Stability
Points
P1(sˆ) (1,0, sˆ) f (sˆ) = 0 6−2
√
6sˆ,1,−2√6 f ′ (sˆ) nonhyperbolic for f ′ (sˆ) = 0,
or sˆ =
√
3
2 .
source for f ′ (sˆ)< 0, sˆ <
√
3
2 .
saddle otherwise.
P2(sˆ) (−1,0, sˆ) f (sˆ) = 0 6+2
√
6sˆ,1,2
√
6 f ′ (sˆ) nonhyperbolic for f ′ (sˆ) = 0,
or sˆ =−
√
3
2 .
source for f ′ (sˆ)> 0, sˆ >−
√
3
2
saddle otherwise.
P3(sˆ)
(√
2
3 sˆ,0, sˆ
)
, f (sˆ) = 0 2sˆ2−3,2(sˆ2−1) ,−4sˆ f ′ (sˆ) nonhyperbolic for f ′ (sˆ) = 0,
−
√
3
2 ≤ sˆ≤
√
3
2 or sˆ ∈
{
−
√
3
2 ,−1,0,1,
√
3
2
}
.
sink for f ′ (sˆ)< 0,−1 < sˆ < 0,
or f ′ (sˆ)> 0,0 < sˆ < 1.
saddle otherwise.
P03 (0,0,0) always −2,− 32 ± 12
√
9−48 f (0) nonhyperbolic for f (0) = 0.
sink for f (0)> 0.
saddle otherwise.
P+4
(√
2
3 ,zc,1
)
zc ∈ R, f (1) = 0 −1,0,−4 f ′(1) nonhyperbolic.
P−4
(
−
√
2
3 ,zc,−1
)
zc ∈ R, f (−1) = 0 −1,0,4 f ′(−1) nonhyperbolic.
– Q1,2(sˆ) : (x,Z,S)=
(−1,±1, 2pi arctan(sˆ)) , where f (sˆ)=
0. It is a sink for f ′ (sˆ)< 0, sˆ <−
√
3
2 .
– Q3,4(sˆ) : (x,Z,S) =
(
1,±1, 2pi arctan(sˆ)
)
where f (sˆ) = 0.
It is a sink for f ′ (sˆ)> 0, sˆ >
√
3
2 .
– Q5,6(sˆ) : (x,Z,S)=
(√
2
3 sˆ,±1, 2pi arctan(sˆ)
)
, where f (sˆ)=
0,−
√
3
2 ≤ sˆ≤
√
3
2 . It is a sink for−
√
3
2 < sˆ<−1, f ′ (sˆ)<
0, or 1 < sˆ <
√
3
2 , f
′ (sˆ)> 0.
– Q7,8 : (x,Z,S)= (0,±1,0). These points are saddle points.
These points at infinity satisfies z → sgn(µ)∞, which
means a2H → 0. This includes Minkowski and static solu-
tions.
3.2 Exponential Potential
As Example 1, we implement the aforementioned procedure
for the exponential potential V (φ) =V0e−sφ [36], where s is
constant and f is identically zero.
In this case the system (21)-(22) becomes
dx
dN
=
(
x2−1)(3x−√6s) , (28)
dZ
dN
=
(
2−3x2)Z (Z2−1) , (29)
defined on the compact phase space{
(x,z) ∈ R2 :−1≤ x≤ 1,−1≤ Z ≤ 1} .
The equilibrium points P1,2 are not relevant from a cos-
mological point of view, since apart from being unstable
they correspond to complete dark matter domination, with
the matter equation-of-state parameter being stiff.
The equilibrium point P3 can be the late-time state of the
universe. If additionally we desire to keep the dark-matter
equation-of-state parameter in the physical range 0 < wM <
1 then we have to restrict the parameter s in the range
√
3
2 <
s <
√
3
2 . However, even in this case the universe is finally
completely dominated by dark matter. The fact that zc = 0
means that in general this sub-class of universes will be
expand forever. The equilibrium points P4 consist a stable
late-time solution, with a physical dark-matter equation-of-
state parameter wM = 1/3, but with zero dark energy density.
We mention that the dark-matter domination of the case at
hand was expected, since in the absent of curvature and of
a cosmological constant the corresponding Horˇava-Lifshitz
universe is comprised only by dark matter. Note however
that the dark-energy equation-of-state parameter can be ar-
bitrary.
Figure 1 a) and c) illustrates when P3 becomes an stable
line of equilibrium points for the specific values s=±1. Fig-
ure 1 b) illustrates when P3 is an isolated late-time attractor.
7Table 2 Case 1: Equilibrium points at the infinity region of the system (21), (22), (23).
Equil. (x,Z,S) Existence Eigenvalues Stability
Points
Q1,2(sˆ)
(−1,±1, 2pi arctan(sˆ)) f (sˆ) = 0 −2,2√6sˆ+6,2√6 f ′ (sˆ) nonhyperbolic for
f ′ (sˆ) = 0, or
sˆ =−
√
3
2 .
sink for f ′ (sˆ)< 0, sˆ <−
√
3
2 .
It is a saddle otherwise.
Q3,4(sˆ)
(
1,±1, 2pi arctan(sˆ)
)
f (sˆ) = 0 −2,6−2√6sˆ,−2√6 f ′ (sˆ) nonhyperbolic for
f ′ (sˆ) = 0, or sˆ =
√
3
2 .
It is a sink for f ′ (sˆ)> 0, sˆ >
√
3
2 .
It is a saddle otherwise.
Q5,6(sˆ)
(√
2
3 sˆ,±1, 2pi arctan(sˆ)
)
f (sˆ) = 0, 4(1− sˆ2),2sˆ2−3,−4sˆ f ′ (sˆ) nonhyperbolic for f ′ (sˆ) = 0,
−
√
3
2 ≤ sˆ≤
√
3
2 or sˆ ∈
{
−
√
3
2 ,−1,1,
√
3
2
}
.
sink for −
√
3
2 < sˆ <−1, f ′ (sˆ)< 0,
or 1 < sˆ <
√
3
2 , f
′ (sˆ)> 0.
saddle otherwise.
Q7,8 (0,±1,0) always 4,− 12
(
3±√9−48 f (0)) saddle.
Figure 1 d) illustrates when Q5,6 : (x,Z) =
(√
2
3 s,±1
)
is
an attractor at the region at infinity for −
√
3
2 < s <−1 < 0,
or 1 < s <
√
3
2 .
3.3 Powerlaw Potential
As the Example 2, we consider the potential [84]:
V (φ) =
1
2n
(µφ)2n,µ > 0,n = 1,2, . . . . (30)
such that
f (s) =− s
2
2n
, f (s) = 0⇔ s = 0, f ′(0) = 0. (31)
The system (25), (26), (27) becomes
dx
dN
=
(
x2−1)(3x−√6 tan(piS
2
))
, (32)
dZ
dN
=
(
2−3x2)Z (Z2−1) , (33)
dS
dN
=−
√
6x(cos(piS)−1)
pin
, (34)
defined on the compact phase space{
(x,S,Z) ∈ R3 : −1 ≤ x ≤ 1,−1 ≤ S ≤ 1,−1 ≤ Z ≤ 1
}
.
The equilibrium points of (32), (33), (34), and their stability
conditions are summarized as follows.
– P1(0): (x,Z,S) := (1,0,0). Eigenvalues {6,1,0}. Unsta-
ble.
– P2(0): (x,Z,S) :=(−1,0,0). Eigenvalues {6,−5,0}. Sad-
dle.
– P03 : (x,Z,S) := (0,0,0). Eigenvalues {−3,−2,0}. Non-
hyperbolic.
– Q1,2(0): (x,Z,S) := (−1,±1,0). Eigenvalues {10,6,0}.
Unstable.
– Q3,4(0): (x,Z,S) := (1,±1,0). Eigenvalues {6,−2,0}.
Saddle.
– Q5,6(0): (x,Z,S) := (0,±1,0). Eigenvalues {4,−3,0}.
Saddle.
3.3.1 Stability Analysis of the solution P03 in
Horˇava-Lifshitz cosmology for the Flat universe with
Λ = 0 under the detailed-balance condition for the
powerlaw- potential.
Proposition 1 The origin for the system (32), (33), (34) is
unstable (saddle point).
Proof. Taking the linear transformation
(u,v1,v2) =
(
S,
1
6
(
6x−
√
6piS
)
,Z
)
, (35)
and taking Taylor series near (u,v1,v2) = (0,0,0) up to fifth
order we obtain the system (32) can be written into its Jordan
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Fig. 1 (Color online) Compact phase portrait of (28)-(29) for different choices of the parameter s.
canonical form: dudNdv1
dN
dv2
dN
=
0 0 00 −3 0
0 0 −2
 uv1
v2
+
 f (u,v)g1(u,v)
g2(u,v)
 , (36)
where
f (u,v) =−piu
2(pi2u2−12)(piu+
√
6v1)
24n ,
g1(u,v)=
pi2u2v1(pi2(1−2n)u2+12(n−1))
24n −
piu(pi2u2−24)v21
4
√
6
+3v31+
pi5(5−2n)u5+30pi3(n−2)u3
120
√
6n
,
g2(u,v) = 2v32− 12 v2
(
v22−1
)(
pi2u2+2
√
6piuv1+6v21
)
.
According to Theorem 1, there exists a 1-dimensional
invariant local center manifold W c (0) of (36),
W c (0) =
{
(u,v) ∈ R×R2 : v = h(u)}, satisfying h(0) =
0, Dh(0) = 0, |u| < δ for δ sufficiently small. The restric-
tion of (36) to the center manifold is dudN = f (u,h(u)), where
the function h(u) satisfies (A.10):
Dh(u) [ f (u,h(u))]−Ph(u)−g(u,h(u)) = 0, (37)
where
P =
(−3 0
0 −2
)
.
According to Theorem 3, the system (37) can be solved ap-
proximately by expanding h(u) in Taylor series at u = 0.
Since h(0) = 0 and Dh(0) = 0, we propose the ansatsz
h(u) :=
(
h1 (u)
h2 (u)
)
=
(
∑4j=1 a ju j+1+O
(
u6
)
∑4j=1 b ju j+1+O
(
u6
)) , (38)
to substitute into (37). By comparing the coefficients of the
equal powers of u we find the non-null coefficients a2 =
pi3(n−2)
12
√
6n
,a4 =
pi5(n(3n−25)+40)
360
√
6n2
.
9Therefore, the center manifold can be represented lo-
cally by the graph
v1 =
(n−2)pi3u3
12
√
6n
+
(n(3n−25)+40)pi5u5
360
√
6n2
,v2 = 0. (39)
That is,
x =
piS√
6
+
pi3(n−2)S3
12
√
6n
+
pi5(n(3n−25)+40)S5
360
√
6n2
,Z = 0.
(40)
The dynamics on the center manifold is given by the gradient-
like equation
du
dN
=−∇Π(u),
Π(u) =−pi
2u4
8n
+
pi4u6
72n2
−
(
pi6((n−40)n+80))u8
11520n3
. (41)
We haveΠ ′(0) =Π ′′(0) =Π ′′′(4)(0) =− 3pi2n < 0. It follows
that u = 0 is a degenerated maximum of the potential. Us-
ing the Theorem 2, we conclude that the center manifold of
origin for the system (36), and the origin itself are unstable
(saddle point). 
3.3.2 Alternative compactification
In this example we can alternatively introduce the following
compactification inspired in the reference [84].
Σ =
φ˙
2
√
6H
, (42)
Y =
µφ
2
1
n 3
1
2n ((3λ −1)n) 12n H 1n
, (43)
T =
c
c+H
1
n
, (44)
where c = 2
3
2− 1n 3
n−1
2n n−
1
2n (3λ −1)− 12n µ , such that
φ˙ = 2
√
6Σcn
(
1
T
−1
)n
, (45)
φ =
2
1
n 3
1
2n n
1
2n c
( 1
T −1
)
Y (3λ −1) 12n
µ
, (46)
H = cn
(
1
T
−1
)n
, (47)
and
x = Σ , (48)
y = Y n, (49)
z =
µc−n
( 1
T −1
)−n
4(3λ −1)a2 , (50)
s =
nT√
6(T −1)Y , (51)
Z =
µc−n
( 1
T −1
)−n√
16a2(1−3λ )2+µ2c−2n ( 1T −1)−2n , (52)
S =
2 arctan
(
nT√
6(T−1)Y
)
pi
. (53)
and the new time variable dτ¯dt = H(1−T )−1. Therefore, we
obtain the dynamical system
dΣ
dτ¯
=−nTY 2n−1− (2−q)Σ(1−T ), (54)
dY
dτ¯
= ΣT − (q+1)(T −1)Y
n
, (55)
dT
dτ¯
=
(q+1)(T −1)2T
n
, (56)
where the fractional energy density of the scalar field energy
density, Ωφ , and the deceleration parameter, q are:
Ωφ := Σ +Y 2n = 1, (57)
q =
1
2
(−3Y 2n+3Σ 2+1)=−1+3Σ 2. (58)
Introducing the complementary global transformation
Σ = F(θ)sin(θ), Y = cos(θ),
F(θ) =
√
1− cos2n(θ)
1− cos2(θ) =
n−1
∑
k=0
cos2k(θ), (59)
we obtain the following regular unconstrained 2D dynami-
cal system
dθ
dτ¯
=−T F(θ)− 3(1−T )F(θ)
2 sin(2θ)
2n
, (60)
dT
dτ¯
=
3(T −1)2T (1− cos2n(θ))
n
, (61)
and the deceleration parameter satisfies
q = 2−3cos2n(θ). (62)
We see that F(θ)→ √n, as θ → 0. The dynamics on the
invariant set T = 0 is restricted to the set Σ 2 +Y 2n = 1.
The equilibrium points of the system (60), (61) are M± =
(Σ ,Y ) = (±1,0), corresponding to θ = ±pi2 , representing
massless scalar field cosmologies, and dS±=(Σ ,Y )= (0,±1),
representing de Sitter solutions, corresponding to θ = 0,pi
10
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Fig. 2 (a) Compact phase portrait of (32), (33), (34) for the choice n = 2. (b) Dynamics in the invariant set Z = 0. (c) Compact phase portrait of
(54) and (56) for −1 < Y < 0. (d) Unwrapped solution space for the system (60), (61) for n = 1,4.
respectively. The following analysis is an specific applica-
tion of the results discussed in [84] for the vacuum case.
The attractors at this boundary set (the scalar field bound-
ary) are dS± and the sources are M±. The solutions starting
near M+ approach the invariant set T = 1 and tends to the
limit-cycle given by the circle Σ 2 +Y 2n,T = 1, that repre-
11
sents the Minkowski solution. In the figure 2 it is shown (a)
a compact phase portrait of (32), (33), (34) for the choice
n= 2; (b) the dynamics in the invariant set Z = 0; (c) a com-
pact phase portrait of (54) and (56) for −1 < Y < 0, and (d)
the unwrapped solution space of (60), (61) for n = 1,4.
3.3.3 Stability Analysis of the de Sitter Solution in
Horˇava-Lifshitz cosmology for the Flat universe with
Λ = 0 under the detailed-balance condition for the
powerlaw- potential.
To find the center manifold of the de Sitter solution dS+ it
is convenient to define T˜ = T1−T , and consider N = ln(a/a0)
as the time variable, therefore, we find
dθ
dN
=
3T˜
(
1− cos2n(θ))
n
, (63)
dT˜
dN
=−T˜ F(θ)− 3F
2(θ)sin(2θ)
2n
. (64)
Proposition 2 The origin for the system (63), (64) is unsta-
ble (saddle point).
Proof. Taking the linear transformation
(u,v) =
(
T˜ ,
1
3
(
3θ +
√
nT˜
))
, (65)
and taking Taylor series near (θ , T˜ ) = (0,0) up to fifth order
we obtain the system (63), (64) can be written in diagonal
form( du
dN
dv
dN
)
=
(
0 0
0 −√n
)(
u
v
)
+
(
f (u,v)
g(u,v)
)
, (66)
f (u,v) =− 1162 u
(
(3n−1)(√nu−3v)2−54
)
(
√
nu−3v)2,
and
g(u,v) =− n3/2(n(5n(3n+2)−441)+144)u4v1944 +
n2(n(55n2+50n−2201)+720)u5
116640
+ 1216
√
nu2v
(
24
(
n2 +n−18)− (5n(n(7n+2)−89)+144)v2)
+
u3(n(n(5n(13n+6)−1327)+432)v2−4n(n(3n+5)−108))
1296
+ 1288 u
(
(n(5n(15n+2)−453)+144)v4−24(n+3)(5n−12)v2)
+ 130
√
nv3
(−5n(nv2−3)+ v2 +5),
are nonlinear, vanish at 0 and have vanishing derivatives at
0. By the theorem 1, there exists a 1-dimensional invariant
local center manifold W c (0) of (66),
W c (0) = {(u,v) ∈ R×R : v = h(u)}, satisfying h(0) = 0,
h′ (0) = 0, |u| < δ for δ sufficiently small. According to
Theorem 2, the restriction of (66) to the center manifold is
du
dN = f (u,h(u)), where the function h(u) that defines the
local center manifold satisfies
h′ (u) [ f (u,h(u))]+
√
nh(u)−g(u,h(u)) = 0. (67)
According to Theorem 3, we can use Taylor series as fol-
lows h(u) = a1u2 + a2u3 + a3u4 + a4u5 +O(u)6, to obtain
the nonzero coefficients
a2 =− 1324
√
n(n(3n+5)−108),
a4 =
√
n(1080n5/2+1800n3/2−65n4−270n3+4079n2+8640n−38880√n−77760)
116640 .
The center manifold of dS+ can expressed as
θ =−
√
nT˜
3
− 1
324
(√
n(n(3n+5)−108)) T˜ 3
+
√
n
(
1080n5/2+1800n3/2−65n4−270n3+4079n2+8640n−38880√n−77760) T˜ 5
116640
+O
(
T˜ 6
)
. (68)
The dynamics on the center manifold can be approximated
by the gradient-like equation
du
dN
=−∇Π(u),
Π(u) =
n
(
9n5/2 +15n3/2−n3 +6n2 +99n−324√n−810)u8
3888
− 1
162
(n−18)nu6− nu
4
12
. (69)
Due to the first nonzero derivative ofΠ evaluated a u= 0
is Π (4)(0) =−2n < 0, it follows that u = 0 is a degenerated
maximum of the potential. Using the Theorem 2, we con-
clude that the center manifold of origin for the system (63),
(64), and the origin itself are unstable (saddle point). There-
fore, the center manifold of dS+ is a good approximation for
the early time attractor (see the reference [84], Section 4).
3.4 E-models
In this subsection we consider the E-model with potential
V (φ) = V0
(
1− e−
√
2
3α φ
)2n
. This is a non-negative poten-
tial with a single minimum located at (φ ,V (φ)) = (0,0).
Therefore, the model admits an Minkowski solution rep-
resented by the equilibrium point (H, φ˙ ,φ) = (0,0,0). The
potential has a plateau V = V0, when φ → +∞, while V ∼
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Fig. 3 (a) Compact phase portrait of (71), (72), (73) for the choice n = 2,µ = 1. (b) Dynamics in the invariant set Z = 0. (c) Unwrapped solution
space (103), (104) for some values of n,µ,α .
V0e
−2n
√
2
3α φ as φ → −∞ [85]. At small φ the E-potential
behaves as φ 2n.
For this choice we have
f (s) =−
s
(
s−√6µ
)
2n
, µ =
2n
3
√
α
,
f (s) = 0⇔ s = 0 or s =
√
6µ,
f ′(0) =
√
3
2µ
n
> 0, f ′(
√
6µ) =−
√
3
2µ
n
< 0. (70)
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The equations become
dx
dN
=
(
x2−1)(3x−√6 tan(piS
2
))
, (71)
dZ
dN
=
(
2−3x2)Z (Z2−1) , (72)
dS
dN
=
x
(
−6µ sin(piS)−√6cos(piS)+√6
)
pin
, (73)
defined on the compact phase space{
(x,Z,S) ∈ R3 :−1≤ x≤ 1,−1≤ Z ≤ 1,−1≤ S≤ 1
}
.
The equilibrium points of (71), (72), (73), and their sta-
bility conditions are summarized as follows.
– (x,Z,S) = (−1,−1,0). The eigenvalues are {10,6, 6µn }.
It is a source.
– (x,Z,S) =
(
−1,−1, 2pi arctan
(√
6µ
))
. The eigenvalues
are
{
10,12µ+6,− 6µn
}
. It is a saddle.
– (x,Z,S) = (−1,0,0). The eigenvalues are
{
−5,6, 6µn
}
.
It is a saddle.
– (x,Z,S)=
(
−1,0, 2pi arctan
(√
6µ
))
. The eigenvalues are{
−5,12µ+6,− 6µn
}
. It is a saddle.
– (x,Z,S) = (−1,1,0). The eigenvalues are
{
6,10, 6µn
}
. It
is a source.
– (x,Z,S)=
(
−1,1, 2pi arctan
(√
6µ
))
. The eigenvalues are{
10,12µ+6,− 6µn
}
. Saddle.
– (x,Z,S)= (0,−1,0). The eigenvalues are {4,−3,0}. Non-
hyperbolic. Behaves as Saddle.
– (x,Z,S)= (0,0,0). The eigenvalues are {−3,−2,0}. Non-
hyperbolic.
– (x,Z,S) = (0,1,0). The eigenvalues are {4,−3,0}. Non-
hyperbolic. Behaves as a saddle.
– (x,Z,S)= (1,−1,0). The eigenvalues are
{
−2,6,− 6µn
}
.
Saddle.
– (x,Z,S)=
(
1,−1, 2pi arctan
(√
6µ
))
. The eigenvalues are{
−2,6−12µ, 6µn
}
. Saddle.
– (x,Z,S)= (1,0,0). The eigenvalues are
{
1,6,− 6µn
}
. Sad-
dle.
– (x,Z,S) =
(
1,0, 2pi arctan
(√
6µ
))
. The eigenvalues are{
1,6−12µ, 6µn
}
. Source for µ < 12 .
– (x,Z,S) = (1,1,0). The eigenvalues are
{
−2,6,− 6µn
}
.
Saddle.
– (x,Z,S) =
(
1,1, 2pi arctan
(√
6µ
))
. The eigenvalues are{
−2,6−12µ, 6µn
}
. Saddle.
– (x,Z,S) =
(
2µ,−1, 2pi arctan
(√
6µ
))
. The eigenvalues
are
{
4−48µ3,12µ2−3, 12µ2n
}
. Saddle.
– (x,Z,S)=
(
2µ,0, 2pi arctan
(√
6µ
))
. The eigenvalues are{
24µ3−2,12µ2−3, 12µ2n
}
. Source for n > 0,µ > 12 .
Saddle otherwise.
– (x,Z,S)=
(
2µ,1, 2pi arctan
(√
6µ
))
. The eigenvalues are{
4−48µ3,12µ2−3, 12µ2n
}
. Saddle.
3.4.1 Stability Analysis of the solution
P03 : (x,Z,S) = (0,0,0) in Horˇava-Lifshitz cosmology for
the Flat universe with Λ = 0 under the detailed-balance
condition for the E-model.
Proposition 3 The origin for the system (71), (72), (73) is
unstable (center-saddle).
Proof. Taking the linear transformation
(u,v1,v2) =
(
S,
1
6
(
6x−
√
6piS
)
,Z
)
, (74)
and taking Taylor series near (u,v1,v2) = (0,0,0) up to fifth
order we obtain the system (71), (72), (73) can be written
into its Jordan canonical form: dudNdv1
dN
dv2
dN
=
 0 0 00 −3 0
0 0 −2
 uv1
v2
+
 f (u,v)g1(u,v)
g2(u,v)
 , (75)
f (u,v) =− pi4u524n − pi
3u4(v1−4µ)
4
√
6n
+ pi
2u3(2µv1+1)
2n +
√
3
2 piu
2(v1−2µ)
n − 6µuv1n ,
g1(u,v) =
pi2u2(720µ+piu(
√
6pi2(5−2n)u2+30√6(n−2)−120piµu))
720n
+
piuv1(24
√
6µ+piu(pi2(1−2n)u2+12(n−1)−4
√
6piµu))
24n −
piu(pi2u2−24)v21
4
√
6
+3v31,
g2(u,v) = 12 v2
(
4v22−
(
v22−1
)(
pi2u2 +2
√
6piuv1 +6v21
))
.
According to Theorem 1, there exists a 1-dimensional in-
variant local center manifold W c (0) of (75),
W c (0) =
{
(u,v) ∈ R×R2 : v = h(u)}, satisfying h(0) =
0, Dh(0) = 0, |u| < δ for δ sufficiently small. The restric-
tion of (75) to the center manifold is dudN = f (u,h(u)), where
the function h(u) satisfies (A.10):
Dh(u) [ f (u,h(u))]−Ph(u)−g(u,h(u)) = 0, (76)
where
P =
(−3 0
0 −2
)
.
According to Theorem 3, the system (76) can be solved ap-
proximately by expanding h(u) in Taylor series at u = 0.
Using the ansatsz
h(u) :=
(
h1 (u)
h2 (u)
)
=
(
∑4j=1 a ju j+1+O
(
u6
)
∑4j=1 b ju j+1+O
(
u6
)) , (77)
we find the non-null coefficients
a1 =
pi2µ
3n ,a2 =
pi3(24µ2+(n−2)n)
12
√
6n2
,a3 =
pi4µ(56µ2+n(2n−7))
18n3 ,
14
a4 =
pi5(13600µ4+n2(n(3n−25)+40)+20µ2n(29n−108))
360
√
6n4
.
Therefore, the center manifold can be represented locally by
the graph
v1 =
pi2µu2
3n
+
pi3
(
24µ2 +(n−2)n)u3
12
√
6n2
+
pi4µ
(
56µ2 +n(2n−7))u4
18n3
+
pi5
(
13600µ4 +20n(29n−108)µ2 +n2(n(3n−25)+40))u5
360
√
6n4
,
v2 = 0. (78)
That is,
x =
piS√
6
+
pi2µS2
3n
+
pi3
(
24µ2 +(n−2)n)S3
12
√
6n2
+
pi4µ
(
56µ2 +n(2n−7))S4
18n3
+
pi5
(
13600µ4 +20n(29n−108)µ2 +n2(n(3n−25)+40))S5
360
√
6n4
,
Z = 0. (79)
The dynamics on the center manifold is given by the gradient-
like equation
du
dN
=−∇Π(u),
Π(u) =
√
2
3piµu
3
n
− pi
2u4
(
n−4µ2)
8n2
− pi
3µu5
(
n(n+4)−24µ2)
10
√
6n3
+
pi4u6
(
224µ4 +n2 +4µ2(n−10)n)
72n4
− pi
5µu7
(−6800µ4 +n2(n(n+15)−55)+10µ2(136−23n)n)
210
√
6n5
.
(80)
We have Π ′(0) = Π ′′(0) = 0,Π ′′′(0) = 2
√
6piµ
n . It follows
that u = 0 is an inflection of the potential. Using the Theo-
rem 2, we conclude that the center manifold of origin for the
system (75), and the origin are unstable (center-saddle). 
3.4.2 Alternative compactification
As we have commented before, V (φ)=V0
(
1− e−
√
2
3α φ
)2n
is a non-negative potential with a single minimum located
at (φ ,V (φ)) = (0,0), with (H, φ˙ ,φ) = (0,0,0), correspond-
ing to the Minkowski solution. The potential has a plateau
V =V0, when φ →+∞, while V ∼V0e−2n
√
2
3α φ as φ →−∞
[85]. At small φ the E-potential behaves as φ 2n, so, it can be
implemented a similar approach as the one used for ∼ φ 2n
potentials in section 3.3. That is, we define new variables
given by
Σ =
φ˙
2
√
6H
, (81)
Y =
(
V (φ)
6(3λ −1)H2
) 1
2n
= T˜
(
1− e−
√
2
3α φ
)
, (82)
T˜ =
[
V0
6(3λ −1)H2
] 1
2n
, (83)
such that
φ˙ =
2Σ
√
V0T˜−n√
3λ −1 , (84)
φ =−
√
2
3 n ln
(
1− YT˜
)
µ
, (85)
H =
√
V0T˜−n√
3(6λ −2) , (86)
and
x = Σ , (87)
y = Y n, (88)
z =
√
3
2µT˜
n
2
√
3λ −1√V0a2
, (89)
u =
√
3
2ΛµT˜
n
2
√
3λ −1√V0
, (90)
s =
√
6µ
(
1− T˜
Y
)
, (91)
Z =
√
3µT˜ n√
24λV0a4−8V0a4+3µ2T˜ 2n
, (92)
S =
2 arctan
(√
6µ
(
1− T˜Y
))
pi
, (93)
where the fractional energy density of the scalar field energy
density, Ωφ , and the deceleration parameter, q are:
Ωφ := Σ 2+Y 2n = 1, (94)
q =
1
2
(−3Y 2n+3Σ 2+1)=−1+3Σ 2. (95)
We obtain the dynamical system:
dΣ
dN
= 6µY 2n−1(Y − T˜ )+(q−2)Σ , (96)
dY
dN
=
Y (−6µΣ +q+1)+6µΣ T˜
n
, (97)
dT˜
dN
=
(q+1)T˜
n
. (98)
This system have been extensively studied in [85] in the
context of a canonical scalar field cosmology. Now, we will
discuss the more relevant features of solutions space. It can
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be easily proven that T˜ is monotonically increasing toward
the future and decreasing towards the past. The phase space
is limited to the past by the invariant subset T˜ = 0, for Y ≤ 0,
and by T˜ −Y = 0, for Y ≥ 0. The state space is bounded
when T˜ > 0, T˜ −Y > 0. As for the monomial potential with
odd exponent, the two past boundaries are intersected at the
two massless scalar field points M± = (Σ ,Y ) = (±1,0). The
subset T˜ −Y = 0, on the other hand, it is divided in two
disconnected regions separated by the de Sitter equilibrium
point dS= (T˜ ,Y ) = (1,1). This feature it is illustrated in the
Figure 3, where it is seen the phase-space has two discon-
nected regions, in different coordinates.
Introducing the complementary global transformation
Σ = F(θ)sin(θ), Y = cos(θ),
F(θ) =
√
1− cos2n(θ)
1− cos2(θ) , (99)
we obtain the following regular unconstrained 2D dynami-
cal system
dθ
dN
=−6µF(θ)(T˜ − cos(θ))
n
− 3F(θ)
2 sin(2θ)
2n
, (100)
dT˜
dN
=
3T˜
(
1− cos2n(θ))
n
, (101)
and the deceleration parameter becomes
q = 2−3cos2n(θ). (102)
Introducing the new compact variable T = T˜1+T˜ and the new
time derivative dτ¯d lna = 1+ T˜ = (1−T )−1, we obtain the reg-
ular system:
dθ
dτ¯
=
3(T −1)F(θ)2 sin(θ)cos(θ)
n
− 6µF(θ)((T −1)cos(θ)+T )
n
, (103)
dT
dτ¯
=−3(T −1)
2T
(
cos2n(θ)−1)
n
. (104)
The past boundary is attached to the phase-space, and in the
new variables (θ ,T ) it is defined by {T = 0,cos(θ)≤ 0}∪
{T − (1−T )cosθ = 0,cos(θ)> 0}. It is also included the
future boundary T = 1, which corresponds to H = 0 and the
final state is the Minkowski point. The region
{T − (1−T )cosθ < 0,cos(θ)> 0} is forbidden.
The equilibrium points of (103), (104) are given by
– M±: T˜ =T = 0;Σ =±1,Y = 0;θ =±pi2 +2kpi,k= 0,1,2 . . ..
They are massless scalar field solutions. In the original
variables these solutions corresponds to P1,2(
√
6µ) :(
x =±1,y = 0,z = 0,s =√6µ;S = 2 arctan(
√
6µ)
pi
)
. They
are saddle and source, respectively, as it is confirmed in
Figure 3 (c) where its presented the unwrapped solution
space of (103), (104) for some values of n,µ,α .
– dS: T˜ = 1,T = 12 ;Σ = 0,Y = 1;θ = 2kpi,k= 0,1,2 . . .. It
is a de Sitter solution. In the original variables the solu-
tion dS corresponds to the point (x = 0,y = 1,z = 0;s =
0,S= 0), i.e, it is represented by P03 : (x,Z,S) = (0,0,0),
which is is nonhyperbolic since f (0) = 0.
– PL: T˜ =T = 0;Σ = 2µ;Y =−(1−4µ2) 12n ;θ =±arccosY .
Exists for µ < 1/2. It corresponds to a Powerlaw self-
similar solution for the exponential potential. It is equiv-
alent to P3(
√
6µ).
In Figure 3 (a) it is shown a compact phase portrait of the
system (71), (72), (73) for the choice n= 2,µ = 1. In (b) it is
shown the dynamics in the invariant set Z = 0. In (c) it is rep-
resented the unwrapped solution space of the system (103),
(104) for some values of n,µ,α . This plot clearly shows that
the future boundary is T = 1, which corresponds to H = 0
and the final state is the Minkowski point given by a limit
cycle.
3.4.3 Stability Analysis of the de Sitter Solution in
Horˇava-Lifshitz cosmology for the Flat universe with Λ = 0
under the detailed-balance condition for the E-potential.
In order to analyze the stability of de Sitter solution we can
use center manifold theorem. It is more convenient to use
the variables (θ , T˜ ) whose evolution is given by the regular
unconstrained 2D dynamical system (100), (101).
Proposition 4 The de Sitter solution dS+, with θ = 0, for
the system (100), (101) is unstable (center-saddle).
Proof. Taking the linear transformation
(u,v) =
(
T˜ −1,θ + 2µ(T˜ −1)√
n
)
, (105)
and truncating the Taylor series at fifth order we obtain that
the system (100), (101) can be written in diagonal form( du
dN
dv
dN
)
=
(
0 0
0 −3
)(
u
v
)
+
(
f (u,v)
g(u,v)
)
, (106)
f (u,v) =
4µ2u3(3
√
n((1−3n)v2+1)+4µ(3n−1)v)
n3/2
+ 8µ
4(1−3n)u5
n2 +
8µ3(3n−1)u4(2√nv−µ)
n2
+
4µu2(3µ((1−3n)v2+1)+√nv((3n−1)v2−3))
n
+
uv(5
√
nv((1−3n)v2+6)−8µ((5−15n)v2+2v4+15))
10
√
n
+ 12
(
(1−3n)v4+6v2) and g(u,v) = µ5(5n(11n−38)+39)u5
5n5/2
− 2µ4u4(−4µ+18µn+
√
n(3n−7)(5n−1)v)
n5/2
+
µ2u2(12µ((2−9n)v2+2)+(1−n)√nv((35n−3)v2−24))
2n3/2
+
µ3u3(
√
n((n(65n−114)+17)v2−12n+28)+16µ(9n−2)v)
2n2
+
µuv(32µ((9n−2)v2−6)+√nv((n(75n−38)−5)v2−120n+24))
16n
16
+
v2(5µ((2−9n)v2+12)+2√nv(−5n(nv2−3)+v2+5))
20
√
n .
According to Theorem 1, there exists a 1-dimensional in-
variant local center manifold of (106),
W c (0) =
{
(u,v) ∈ R2 : v = h(u)}, where h(0) = 0, h′ (0) =
0, |u|< δ for δ sufficiently small. The restriction of (106) to
the center manifold is dudN = f (u,h(u)), such that the func-
tion that defines the center manifold satisfies
h′ (u) [ f (u,h(u))]+3h(u)−g(u,h(u)) = 0. (107)
According to Theorem 3, we can use Taylor series as follows
h(u) = a1u2 + a2u3 + a3u4 + a4u3 +O(u)6, to obtain a1 =
4µ3
n3/2
,a2 =− 2µ
3(72µ2+n(3n−7))
3n5/2
,a3 =
12µ5(76µ2+n(3n−10))
n7/2
,
a4 =
−338880µ9+µ5n2(−65n2+570n−1081)+120µ7(459−121n)n
15n9/2
.
The center manifold can be expressed, in terms of T˜ , by
θ =−2µ(T˜ −1)√
n
+
4µ3(T˜ −1)2
n3/2
+
12µ5(T˜ −1)4 (76µ2+n(3n−10))
n7/2
− 2µ
3(T˜ −1)3 (72µ2+n(3n−7))
3n5/2
+
(T˜ −1)5 (−338880µ9+µ5n2 (−65n2+570n−1081)+120µ7(459−121n)n)
15n9/2
. (108)
The dynamics on the center manifold can be approximated
by the gradient-like equation
du
dN
=−∇Π(u),
Π(u) =−4µ
2u3
n
− 3µ
2u4
(
n−4µ2)
n2
+
48µ4u5
(
2n−13µ2)
5n3
+
8µ4u6
(
252µ4 +n2 +2µ2n(3n−22))
n4
+
48µ6u7
(−6248µ4 +n2(12n−49)+2µ2(619−106n)n)
7n5
, (109)
with Π ′′′(u) = − 24µ2n < 0, that is, the origin is an inflec-
tion point. Using the Theorem 2, we conclude that the center
manifold of origin for the system (106), and therefore dS+
is unstable (center-saddle) (see [84], Section 4). 
4 Case 2: Non-flat universe with Λ = 0 under the
detailed-balance condition
For this case the equations are:
H2 =
1
6(3λ −1)
[
3λ −1
4
φ˙ 2+V (φ)
]
− µ
2k2
16(3λ −1)2a4 ,
(110)
8H˙ + φ˙ 2 =
k2µ2
(3λ −1)2a4 , (111)
φ¨ +3Hφ˙ +
2V ′(φ)
3λ −1 = 0. (112)
4.1 Arbitrary Potential
In this example the system (110), (111), (112), is reduced to
the autonomous form:
dx
dN
= x
(
3x2−2z2−3)+√6s(1− x2+ z2) , (113)
dz
dN
= z
[
3x2−2(z2+1)] , (114)
ds
dN
=−2
√
6x f (s). (115)
defined on the phase space {(x,z,s) ∈ R3 : x2− z2 ≤ 1}.
The equilibrium points/curves of the system (113), (114),
(115), at the finite region of the phase space is presented in
Table 3. Now we discuss the more relevant features of them.
– P1(sˆ) : (x,z,s) = (1,0, sˆ). Always exists. It is a source for
f ′ (sˆ)< 0, sˆ <
√
3
2 .
– P2(sˆ) : (x,z,s) = (−1,0, sˆ). Always exists. It is a source
for f ′ (sˆ)> 0, sˆ >−
√
3
2 .
– P3(sˆ) : (x,z,s) =
(√
2
3 sˆ,0, sˆ
)
. Exists for −
√
3
2 ≤ sˆ ≤√
3
2 . It is a sink for f
′ (sˆ) < 0,−1 < sˆ < 0, or f ′ (sˆ) >
0,0 < sˆ < 1.
– P03 : (x,z,s) = (0,0,0). It is a sink for f (0)> 0.
– P5,6(sˆ) :
(√
2
3
sˆ ,±
√
1−sˆ2
sˆ , sˆ
)
. Exists for −1 ≤ sˆ ≤ 1, sˆ 6=
0. It is a sink for f ′ (sˆ)< 0, sˆ <−1 or f ′ (sˆ)> 0, sˆ > 1.
– There are two lines of equilibrium points P7,8(sc) : (x,z,s)=
(0,±i,sc),sc ∈Rwhich are not considered since they are
complex valued.
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Table 3 Case 2: Equilibrium points at the finite region of the system (113), (114), (115).
Equil. (x,z,s) Existence Eigenvalues Stability
Points
P1(sˆ) (1,0, sˆ) f (sˆ) = 0 6−2
√
6sˆ,1,−2√6 f ′ (sˆ) nonhyperbolic for f ′ (sˆ) = 0, or sˆ =
√
3
2 .
source for f ′ (sˆ)< 0, sˆ <
√
3
2 .
saddle otherwise.
P2(sˆ) (−1,0, sˆ) f (sˆ) = 0 6+2
√
6sˆ,1,2
√
6 f ′ (sˆ). nonhyperbolic for f ′ (sˆ) = 0, or sˆ =−
√
3
2 .
source for f ′ (sˆ)> 0, sˆ >−
√
3
2
saddle otherwise.
P3(sˆ)
(√
2
3 sˆ,0, sˆ
)
f (sˆ) = 0 2sˆ2−3,2(sˆ2−1) ,−4sˆ f ′ (sˆ) nonhyperbolic for f ′ (sˆ) = 0, or sˆ ∈{−√ 32 ,−1,0,1,√ 32}.
−
√
3
2 ≤ sˆ≤
√
3
2 sink for f
′ (sˆ)< 0,−1 < sˆ < 0, or f ′ (sˆ)> 0,0 < sˆ < 1.
saddle otherwise.
P03 : (0,0,0) always −2,− 32 ± 12
√
9−48 f (0) nonhyperbolic for f (0) = 0.
sink for f (0)> 0.
saddle otherwise.
P5,6(sˆ)
(√
2
3
sˆ ,±
√
1−sˆ2
sˆ , sˆ
)
f (sˆ) = 0 − 12 ±
√
16sˆ2−15sˆ4
2sˆ2 ,−
4 f ′(sˆ)
sˆ nonhyperbolic for f
′ (sˆ) = 0, or sˆ ∈ {−1,1}.
−1≤ sˆ≤ 1, sˆ 6= 0 sink for f ′ (sˆ)< 0, sˆ <−1 or f ′ (sˆ)> 0, sˆ > 1.
saddle otherwise.
Table 4 Case 2: Equilibrium points at the infinity region of the system (113), (114), (115).
Equil. (x,Z,S) Existence Eigenvalues Stability
Points
Q9,10(sˆ)
(−1,±1, 2pi arctan(sˆ)) f (sˆ) = 0 −∞,2√6sˆ,2√6 f ′ (sˆ) sinks for sˆ < 0, f ′ (sˆ)< 0
Q11,12(sˆ)
(
1,±1, 2pi arctan(sˆ)
)
f (sˆ) = 0 −∞,−2√6sˆ,−2√6 f ′ (sˆ) sinks for sˆ > 0, f ′ (sˆ)> 0.
Q13,14 (0,±1,0) always ∞,−2
√
3
√− f (0),2√3√− f (0) Saddle for f (0)< 0. Center for f (0)> 0.
Q15,16
(
−
√
3
2 ,±1,0
)
f (0) = 0 0,0,4 f ′(0) nonhyperbolic.
Q17,18
(√
3
2 ,±1,0
)
f (0) = 0 0,0,−4 f ′(0) nonhyperbolic.
Owing to the fact that the dynamical system (113), (114),
(115) is unbounded, we introduce the new variables
X =
x√
1+ z2
, Z =
z√
1+ z2
, S =
2
pi
arctan(s), (116)
and the time rescaling
d f
dτ
=
√
1−Z2 d f
dN
, (117)
to obtain the dynamical system
dX
dτ
=
(
X2−1)(3X√1−Z2−√6 tan(piS
2
))
, (118)
dZ
dτ
=
(
3X2−2)Z√1−Z2, (119)
dS
dτ
=−2
√
6X(cos(piS)+1) f
(
tan
(piS
2
))
pi
, (120)
defined on the compacted phase space
{(X ,Z,S) ∈ R3 :−1≤ X ≤ 1,−1≤ Z ≤ 1,−1≤ S≤ 1}.
The equilibrium points at the infinity region of the system
(113), (114), (115) are summarized in Table 4. Here we dis-
cuss the main features of them.
– Q9,10(sˆ) : (X ,Z,S)=
(−1,±1, 2pi arctan(sˆ)), where f (sˆ)=
0. They are sinks for sˆ < 0, f ′ (sˆ)< 0
– Q11,12(sˆ) : (X ,Z,S)=
(
1,±1, 2pi arctan(sˆ)
)
, where f (sˆ)=
0. They are sinks for sˆ > 0, f ′ (sˆ)> 0.
– Q13,14 : (X ,Z,S) = (0,±1,0). Saddle for f (0)< 0. Cen-
ter if f (0)> 0.
– Q15,16 : (X ,Z,S) =
(
−
√
3
2 ,±1,0
)
, where f (0) = 0. It
is nonhyperbolic.
– Q17,18 : (X ,Z,S) =
(√
3
2 ,±1,0
)
, where f (0) = 0. It is
nonhyperbolic.
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Fig. 4 (Color online) Compact phase portrait of (121), (122) for different choices of the parameter s.
4.2 Exponential Potential
In this case the system (118), (119), (120), becomes
dX
dτ
=
(
X2−1)(3X√1−Z2−√6s) , (121)
dZ
dτ
=
(
3X2−2)Z√1−Z2, (122)
defined on the compact phase space
{(X ,Z) ∈ R2 :−1≤ X ≤ 1,−1≤ Z ≤ 1}.
The equilibrium points P1,2,3 are exactly the same as
in case 1, and thus the physical implications are the same.
The equilibrium points P5,6 are unstable, corresponding to a
dark-matter dominated universe. This was expected since in
the absence of the cosmological constant Λ , the curvature
role is downgrading as the scale factor increases and thus
in the end this case tends to the case 1 above. Note how-
ever that at early times, where the scale factor is small, the
behavior of the system will be significantly different than
case 1, with the dark energy playing an important role. Fig-
ure 4 a) illustrates when Q9,10 : (X ,Z) = (−1,±1) are sinks
for s < 0. Figures 4 b), c) and d) illustrates when Q11,12 :
(X ,Z) = (1,±1) are sinks for s > 0.
4.3 Powerlaw potential
In this example, the system (118), (119), (120), becomes
dX
dτ
=
(
X2−1)(3X√1−Z2−√6 tan(piS
2
))
, (123)
dZ
dτ
=
(
3X2−2)Z√1−Z2, (124)
dS
dτ
=−
√
6X(cos(piS)−1)
pin
, (125)
defined on the compact phase space
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Fig. 5 (a) Compact phase portrait of (123), (124), (125) for the choice n = 2. (b) Dynamics in the invariant set Z = 0. (c)-(f). Dynamics of the
system (150), (151), (152) and some 2D projections for the choice n = 4.
{
(X ,Z,S) ∈ R3 :−1≤ X ≤ 1,−1≤ Z ≤ 1,−1≤ S≤ 1
}
.
The equilibrium points of (123), (124), (125) and their
stability conditions are summarized as follows.
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– (X ,Z,S) = (−1,−1,0). The eigenvalues are {0,−∞,0}.
Nonhyperbolic.
– (X ,Z,S) = (−1,1,0). The eigenvalues are {0,−∞,0}.
Nonhyperbolic.
– (X ,Z,S)= (0,−1,0). The eigenvalues are {0,0,∞}. Non-
hyperbolic.
– (X ,Z,S)= (0,0,0). The eigenvalues are {0,−3,−2}. Non-
hyperbolic.
– (X ,Z,S) = (0,1,0). The eigenvalues are {0,0,∞}. Non-
hyperbolic.
– (X ,Z,S) = (1,−1,0). The eigenvalues are {0,−∞,0}.
Nonhyperbolic.
– (X ,Z,S)= (1,1,0). The eigenvalues are {0,−∞,0}. Non-
hyperbolic.
– (X ,Z,S)=
(
−
√
2
3 ,−1,0
)
. The eigenvalues are {0,−2,2}.
Nonhyperbolic. Behaves as saddle.
– (X ,Z,S)=
(√
2
3 ,−1,0
)
. The eigenvalues are {0,−2,2}.
Nonhyperbolic. Behaves as saddle.
– (X ,Z,S)= (−1,0,0). The eigenvalues are {0,1,6}. Non-
hyperbolic. Unstable.
– (X ,Z,S) = (1,0,0). The eigenvalues are {0,1,6}. Non-
hyperbolic. Unstable.
– (X ,Z,S)=
(
−
√
2
3 ,1,0
)
. The eigenvalues are {0,−2,2}.
Nonhyperbolic. Behaves as saddle.
– (X ,Z,S) =
(√
2
3 ,1,0
)
. The eigenvalues are {0,−2,2}.
Nonhyperbolic. Behaves as saddle.
4.3.1 Stability Analysis of the solution
P03 : (X ,Z,S) = (0,0,0), in Horˇava-Lifshitz cosmology for
the Non-flat universe with Λ = 0 under the
detailed-balance condition the powerlaw- potential.
Proposition 5 The origin for the system (123), (124), (125)
is unstable (saddle point).
Proof. Taking the linear transformation
(u,v1,v2) =
(
S,
1
6
(
6X−
√
6piS
)
,Z
)
, (126)
and taking Taylor series near (u,v1,v2) = (0,0,0) up to fifth
order we obtain the system (123), (124), (125) can be written
into its Jordan canonical form: dudNdv1
dN
dv2
dN
=
0 0 00 −3 0
0 0 −2
 uv1
v2
+
 f (u,v)g1(u,v)
g2(u,v)
 , (127)
f (u,v) =−piu
2(pi2u2−12)(piu+
√
6v1)
24n ,
g1(u,v) = pi
5(5−2n)u5
120
√
6n
+ pi
4(1−2n)u4v1
24n −
pi3u3(n(v21+v
2
2−1)+2)
4
√
6n
−
pi2u2v1(n(3v22−2)+2)
4n +
3
8 v1
(−4(v21−1)v22+8v21+ v42)
+ 18
√
3
2piu
(
v21
(
16−3v22
(
v22+4
))
+ v42+4v
2
2
)
,
g2(u,v) =− 14pi2u2
(
v22−2
)
v2−
√
3
2piuv1
(
v22−2
)
v2
− 32 v21
(
v22−2
)
v2+
v52
4 + v
3
2.
According to Theorem 1, there exists a 1-dimensional
invariant local center manifold of (127),
W c (0) =
{
(u,v) ∈ R×R2 : v = h(u)}, satisfying h(0) =
0, Dh(0) = 0, |u| < δ for δ sufficiently small. The restric-
tion of (127) to the center manifold is dudN = f (u,h(u)),
where the function h(u) satisfies (A.10):
Dh(u) [ f (u,h(u))]−Ph(u)−g(u,h(u)) = 0, (128)
where
P =
(−3 0
0 −2
)
.
According to Theorem 3, the system (128) can be solved
approximately by expanding h(u) in Taylor series at u = 0.
Since h(0) = 0 and Dh(0) = 0, we propose the ansatsz
h(u) :=
(
h1 (u)
h2 (u)
)
=
(
∑4j=1 a ju j+1+O
(
u6
)
∑4j=1 b ju j+1+O
(
u6
)) , (129)
to find the non-null coefficients
a2 =
pi3(n−2)
12
√
6n
, a4 =
pi5(n(3n−25)+40)
360
√
6n2
.
Therefore, the center manifold can be represented locally by
v1 =
(n−2)pi3u3
12
√
6n
+
(n(3n−25)+40)pi5u5
360
√
6n2
,v2 = 0. (130)
That is,
X =
piS√
6
+
pi3(n−2)S3
12
√
6n
+
pi5(n(3n−25)+40)S5
360
√
6n2
,Z = 0.
(131)
The dynamics on the center manifold is given by the gradient-
like equation
du
dN
=−∇Π(u),
Π(u) =−pi
2u4
8n
+
pi4u6
72n2
−
(
pi6((n−40)n+80))u8
11520n3
. (132)
We haveΠ ′(0) =Π ′′(0) =Π ′′′(4)(0) =− 3pi2n < 0. It follows
that u = 0 is a degenerated maximum of the potential. Us-
ing the Theorem 2, we conclude that the center manifold of
origin for the system (127), and the origin itself are unstable
(saddle point). 
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4.3.2 Alternative compactification
In this example we can alternatively introduce the following
compactification
H¯ =
√
H2+
µ2k2
16(3λ −1)2a4 , (133)
Q =
H
H¯
, (134)
Σ =
φ˙
2
√
6H¯
, (135)
Y =
µφ
2
1
n 3
1
2n ((3λ −1)n) 12n H¯ 1n
, (136)
T =
c
c+ H¯
1
n
, c = 2
3
2− 1n 3
n−1
2n n−
1
2n (3λ −1)− 12n µ, (137)
Σ +Y 2n = 1, (138)
dτ¯
dt
= H¯(1−T )−1, (139)
such that
φ˙ =
2
√
6Σcn
( 1
T −1
)n
Q
, (140)
φ =
2
1
n 3
1
2n n
1
2n
( 1
T −1
)
Y (3λ −1) 12n Q−1/nc
µ
, (141)
a =
√µ√Qc−n/2 ( 1T −1)−n/2
2
√
3λ −1 4
√
1−Q2
, (142)
H¯ = cn
(
1
T
−1
)n
. (143)
Therefore, we obtain the dynamical system
dΣ
dτ¯
=−nTY 2n−1−QΣ(T −1)((q−1)Q2−1) , (144)
dY
dτ¯
= ΣT − Q(T −1)Y
(
(q−1)Q2+2)
n
, (145)
dT
dτ¯
=
Q(T −1)2T ((q−1)Q2+2)
n
, (146)
dQ
dτ¯
= (1−q)Q2 (Q2−1)(T −1). (147)
where we have the relation
Q2q =
1
2
(−3Y 2n+2Q2+3Σ 2−1)= Q2+3Σ 2−2. (148)
Introducing the complementary global transformation
Σ = F(θ)sin(θ), Y = cos(θ),
F(θ) =
√
1− cos2n(θ)
1− cos2(θ) , (149)
we obtain the following unconstrained 3D dynamical system
dθ
dτ¯
=−T F(θ)+ 3Q(T −1)F(θ)
2 sin(2θ)
2n
, (150)
dT
dτ¯
=−3Q(T −1)
2T
(
cos2n(θ)−1)
n
, (151)
dQ
dτ¯
=
(
Q2−1)(T −1)(3cos2n(θ)−1) , (152)
and the deceleration parameter satisfies
qQ2 = 1−3cos2n(θ)+Q2. (153)
The system (150), (151), (152) has the equilibrium points:
– (θ ,T,Q)=
(pi
2 +2kpi,0,±1
)
; (Σ ,Y )= (1,0), with eigen-
values
{± 3n ,± 3n ,±2}. For Q = +1 it is a source. For
Q =−1 it is a sink.
– (θ ,T,Q) =
(−pi2 +2kpi,0,±1); (Σ ,Y ) = (−1,0), with
eigenvalues
{± 3n ,± 3n ,±2}. For Q = +1 it is a source.
For Q =−1 it is a sink.
– (θ ,T,Q) = (2kpi,0,±1); (Σ ,Y ) = (0,1) and (θ ,T,Q) =
((2k+1)pi,0,±1); (Σ ,Y )= (0,−1). The eigenvalues are
{0,∓4,∓3}. For Q = +1 it is nonhyperbolic with a 2D
stable manifold. For Q = −1 it is nonhyperbolic with a
2D unstable manifold.
– (θ ,T,Q) =
(
±arccos
(
3−
1
2n
)
,0,0
)
;
(Σ ,Y )=
(
±
√
2
3 ,3
− 12n
)
, with eigenvalues 0,±2,∓2. These
solutions corresponds to static universe H = 0. Nonhy-
perbolic. Behaves as saddle.
Substituting T = 1 in the above equations we obtain dθdτ¯ =
−F(θ) that can be integrated in quadratures as
cos(θ)2F1
(
1
2
,
1
2n
;1+
1
2n
; cos2n(θ)
)
= τ¯− τ¯0. (154)
In figure 5 it is shown (a) a compact phase portrait of
(123), (124), (125) for the choice n = 2. (b) Dynamics in
the invariant set Z = 0. Additionally it is presented in (c)-(f)
the dynamics of the system (150), (151), (152) and some 2D
projections for the choice n = 4.
4.3.3 Center manifold of the de Sitter solution
(θ ,T,Q) = (0,0,1) for Horˇava-Lifshitz with non-flat
universe with Λ = 0 and powerlaw potential under the
detailed-balance condition.
Proposition 6 The point (θ ,T,Q) = (0,0,1) of the system
(150), (151), (152) is unstable (saddle point).
Proof. Taking the linear transformation
(u,v1,v2) =
(
T,1−Q, 1
3
(
3θ +
√
nT
))
, (155)
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and truncating the Taylor series at fifth order we obtain that
the system (150), (151), (152) can be written in diagonal
form dudτ¯dv1
dτ¯
dv2
dτ¯
=
0 0 00 −4 0
0 0 −3
 uv1
v2
+
 f (u,v)g1(u,v)
g2(u,v)
 , (156)
where
f (u,v) = 1162 n
(−3n2 +n+54)u5 + 13 u3 ((−3n2 +n+9)v22−12√n(v1−1)v2−nv1 +n)+ 127 u4 (18n(v1−1)+2√n(n(3n−1)−27)v2) +
2
3 u
2v2
(
3
√
n(v1−1)+
√
n(3n−1)v22 +9(v1−1)v2
)
+ 12 uv
2
2
(
(1−3n)v22−6v1 +6
)
,
g1(u,v) = 13 uv1
(
6n3/2(v1−2)v2 +4n3/2(3n−1)v32 +9n(v1−2)v22−6(v1−2)
)
+ 181 (1 − 3n)n3u4v1 +
1
27 u
3
(
4(3n−1)n5/2v1v2 +9n2(v1−2)v1
)− 13 u2v1 (6n3/2(v1−2)v2 +6n3v22 +n2 (v1−2(v22 +1)))− v1 (3n(v1−2)v22 +n(3n−1)v42−2v1) ,
g2(u,v) = n
3/2(n(5n(11n−38)+39)+4320)u5
38880 +
1
648 u
4
(−12(3n−11)n3/2(v1−1)− (n(3n−7)(5n−1)+432)nv2) +
1
432 u
3
(
4n3/2(n(6v1−3)−10v1 +7)+72n(3n−7)(v1−1)v2 +
√
n(n(n(65n−114)+17)+432)v22
)
+ 110
((
1−5n2)v52−5(3n+1)(v1−1)v32 +30v1v2)+u2 (− 32 (n−1)√n(v1−1)v22− 16 (n−1)n(3v1−2)v2 +√n(v1−1)− 172 (n−1)n(35n−3)v32)+
u
( 1
2 (3n+1)(v1−1)v32 + 14
√
nv22(n(6v1−5)−2v1 +1)−
√
nv1 + 196
√
n(n(75n−38)−5)v42−3(v1−1)v2
)
.
According to Theorem 1, there exists a 1-dimensional in-
variant local center manifold W c (0) of (156),
W c (0) =
{
(u,v) ∈ R×R2 : v = h(u)}, satisfying h(0) =
0, Dh(0) = 0, |u|< δ for δ sufficiently small.
The restriction of (156) to the center manifold is dudN =
f (u,h(u)), where the function h(u) satisfies (A.10):
Dh(u) [ f (u,h(u))]−Ph(u)−g(u,h(u)) = 0, (157)
where
P =
(−4 0
0 −3
)
.
According to Theorem 3, the system (157) can be solved
approximately by expanding h(u) in Taylor series at u = 0.
Since h(0) = 0 and Dh(0) = 0, we propose the ansatsz
h(u) :=
(
h1 (u)
h2 (u)
)
=
(
∑4j=1 a ju j+1+O
(
u6
)
∑4j=1 b ju j+1+O
(
u6
)) , (158)
to find the non-null coefficients
b1 =−
√
n
3 ,b2 =− 1324
√
n(n(3n−7)+108),
b3 =− 1108
√
n(n(3n−7)+36),
b4 =−
√
n(n(n(65n2−570n+7561)−15120)+38880)
116640 .
Therefore, the center manifold can be represented locally by
the graph
v1 = 0,v2 =−
√
nu2
3
− 1
324
(√
n(n(3n−7)+108))u3
− 1
108
(√
n(n(3n−7)+36))u4
−
(√
n
(
n
(
n
(
65n2−570n+7561)−15120)+38880))u5
116640
.
(159)
That is,
θ =−
√
nT
3
−
√
nT 2
3
− 1
324
(√
n(n(3n−7)+108))T 3
− 1
108
(√
n(n(3n−7)+36))T 4
−
(√
n
(
n
(
n
(
65n2−570n+7561)−15120)+38880))T 5
116640
,
Q = 1. (160)
The dynamics on the center manifold is given by the gradient-
like equation
du
dN
=−∇Π(u),Π(u) =−nu
4
12
+
n2u6
162
+
1
567
n2(3n+5)u7
+
n2(n(15n(n+8)+2434)+1485)u8
174960
. (161)
We have Π ′(0) =Π ′′(0) =Π ′′′(4)(0) =−2n < 0. It follows
that u= 0 is a degenerated maximum of the potential. Using
the Theorem 2, we conclude that the center manifold of the
point (θ ,T,Q) = (0,0,1) of the system (150), (151), (152),
and the point itself, are unstable (saddle point). 
4.4 E-models
In this case the system (118), (119), (120), becomes
dX
dτ
=
(
X2−1)(3X√1−Z2−√6 tan(piS
2
))
, (162)
dZ
dτ
=
(
3X2−2)Z√1−Z2, (163)
dS
dτ
=
X
(
−6µ sin(piS)−√6cos(piS)+√6
)
pin
, (164)
defined on the compact phase space{
(X ,Z,S) ∈ R3 : −1 ≤ X ≤ 1,−1 ≤ Z ≤ 1,−1 ≤ S ≤ 1
}
.
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Fig. 6 (a) Compact phase portrait of (162), (163), (164) for the choice n = 2,µ = 1. (b) Dynamics in the invariant set Z = 0. (c)-(f): Dynamics of
the system (191), (192), (193) and some 2D projections for n = 4,µ = 1.
The equilibrium points of (162), (163), (164) and their sta-
bility conditions are summarized as follows:
– (X ,Z,S)= (0,−1,0). The eigenvalues are {0,0,∞}. Non-
hyperbolic.
24
– (X ,Z,S)= (0,0,0). The eigenvalues are {0,−3,−2}. Non-
hyperbolic.
– (X ,Z,S) = (0,1,0). The eigenvalues are {0,0,∞}. Non-
hyperbolic.
– (X ,Z,S) = (−1,−1,0). The eigenvalues
{
0,−∞, 6µn
}
.
Nonhyperbolic. Behaves as saddle.
– (X ,Z,S) =
(
−1,−1, 2arctan(
√
6µ)
pi
)
. The eigenvalues are{
−∞,12µ,− 6µn
}
. Saddle.
– (X ,Z,S)= (1,−1,0). The eigenvalues are
{
0,−∞,− 6µn
}
.
Nonhyperbolic.
– (X ,Z,S) =
(
1,−1, 2arctan(
√
6µ)
pi
)
. The eigenvalues are{
−∞,−12µ, 6µn
}
. Saddle.
– (X ,Z,S) = (−1,0,0). The eigenvalues are
{
1,6, 6µn
}
.
Source.
– (X ,Z,S) =
(
−1,0, 2arctan(
√
6µ)
pi
)
. The eigenvalues are{
1,12µ+6,− 6µn
}
. Saddle.
– (X ,Z,S) = (1,0,0). The eigenvalues are
{
6,1,− 6µn
}
.
Saddle.
– (X ,Z,S) =
(
1,0,
2arctan(
√
6µ)
pi
)
. The eigenvalues are{
1,6−12µ, 6µn
}
. Source for µ < 12 .
– (X ,Z,S) = (−1,1,0). The eigenvalues are
{
0,−∞, 6µn
}
.
Nonhyperbolic. Behaves as saddle.
– (X ,Z,S) =
(
−1,1, 2arctan(
√
6µ)
pi
)
. The eigenvalues are{
−∞,12µ,− 6µn
}
. Saddle.
– (X ,Z,S) = (1,1,0). The eigenvalues are
{
0,−∞,− 6µn
}
.
Nonhyperbolic.
– (X ,Z,S) =
(
1,1,
2arctan(
√
6µ)
pi
)
. The eigenvalues are{
−∞,−12µ, 6µn
}
. Saddle.
4.4.1 Stability Analysis of the solution
P03 : (X ,Z,S) = (0,0,0), in Horˇava-Lifshitz cosmology for
the Non-flat universe with Λ = 0 under the
detailed-balance condition the E-model.
Proposition 7 The origin for the system (162), (163), (164)
is unstable (center-saddle).
Proof. Taking the linear transformation
(u,v1,v2) =
(
S,
1
6
(
6X−
√
6piS
)
,Z
)
, (165)
and taking Taylor series near (u,v1,v2) = (0,0,0) up to fifth
order we obtain the system (162), (163), (164) can be written
into its Jordan canonical form: dudNdv1
dN
dv2
dN
=
 0 0 00 −3 0
0 0 −2
 uv1
v2
+
 f (u,v)g1(u,v)
g2(u,v)
 (166)
where
f (u,v) =− pi4u524n − pi
3u4(v1−4µ)
4
√
6n
+ pi
2u3(2µv1+1)
2n +
√
3
2 piu
2(v1−2µ)
n − 6µuv1n ,
g1(u,v) = pi
5(5−2n)u5
120
√
6n
+ pi
4u4(−4µ−2nv1+v1)
24n
− pi
3u3(n(v21+v
2
2−1)+4µv1+2)
4
√
6n
+
pi2u2(4µ+v1(n(2−3v22)−2))
4n
+
√
3
2 piu(n(4v
2
1(4−3v22)+v42+4v22)+16µv1)
8n +
3
8 v1
(−4(v21−1)v22 +8v21 + v42) ,
g2(u,v) =− 14pi2u2v2
(
v22−2
)−√ 32piuv1v2 (v22−2)
+ 14 v2
(−6v21 (v22−2)+ v42 +4v22) .
According to Theorem 1, there exists a 1-dimensional in-
variant local center manifold W c (0) of (166),
W c (0) =
{
(u,v) ∈ R×R2 : v = h(u)}, satisfying h(0) =
0, Dh(0) = 0, |u| < δ for δ sufficiently small. The restric-
tion of (166) to the center manifold is dudN = f (u,h(u)),
where the function h(u) that defines the local center man-
ifold satisfies (A.10):
Dh(u) [ f (u,h(u))]−Ph(u)−g(u,h(u)) = 0, (167)
where
P =
(−3 0
0 −2
)
.
According to Theorem 3, the system (167) can be solved
approximately by expanding h(u) in Taylor series at u = 0.
Assuming that
h(u) :=
(
h1 (u)
h2 (u)
)
=
(
∑4j=1 a ju j+1+O
(
u6
)
∑4j=1 b ju j+1+O
(
u6
)) , (168)
we find the non-null coefficients
a1 =
pi2µ
3n ,a2 =
pi3(24µ2+(n−2)n)
12
√
6n2
,a3 =
pi4µ(56µ2+n(2n−7))
18n3 ,
a4 =
pi5(13600µ4+n2(n(3n−25)+40)+20µ2n(29n−108))
360
√
6n4
.
Therefore, the center manifold can be represented locally by
the graph
v1 =
pi2µu2
3n
+
pi3
(
24µ2 +(n−2)n)u3
12
√
6n2
+
pi4µ
(
56µ2 +n(2n−7))u4
18n3
+
pi5
(
13600µ4 +20n(29n−108)µ2 +n2(n(3n−25)+40))u5
360
√
6n4
,
v2 = 0. (169)
That is,
X =
piS√
6
+
pi2µS2
3n
+
pi3
(
24µ2 +(n−2)n)S3
12
√
6n2
+
pi4µ
(
56µ2 +n(2n−7))S4
18n3
+
pi5
(
13600µ4 +20n(29n−108)µ2 +n2(n(3n−25)+40))S5
360
√
6n4
,
Z = 0. (170)
25
The dynamics on the center manifold is given by the gradient-
like equation
du
dN
=−∇Π(u),
Π(u) =
√
2
3piµu
3
n
− pi
2u4
(
n−4µ2)
8n2
− pi
3µu5
(
n(n+4)−24µ2)
10
√
6n3
+
pi4u6
(
224µ4 +n2 +4µ2(n−10)n)
72n4
− pi
5µu7
(−6800µ4 +n2(n(n+15)−55)+10µ2(136−23n)n)
210
√
6n5
.
(171)
We have Π ′(0) = Π ′′(0) = 0,Π ′′′(0) = 2
√
6piµ
n . It follows
that u = 0 is an inflection of the potential. Using the Theo-
rem 2, we conclude that the center manifold of origin for the
system (166), and the origin are unstable (center-saddle). 
4.4.2 Alternative compactification
In this example we can alternatively introduce the following
compactification
H¯ =
√
H2+
µ2k2
16(3λ −1)2a4 , (172)
Q =
H
H¯
, Σ =
φ˙
2
√
6H¯
, (173)
Y =
(
V (φ)
6(3λ −1)H¯2
) 1
2n
= T¯
(
1− e−
√
2
3α φ
)
, (174)
T¯ =
[
V0
6(3λ −1)H¯2
] 1
2n
, (175)
such that
φ˙ =
√
2
3ΣV0T¯
−2n
3λ −1 , (176)
φ =−
√
2
3 n ln
(
1− YT
)
µ
, (177)
H = Q
√
V0
6(3λ −1) T¯
−n, (178)
a =
4
√
3
√µT¯ n/2
23/4 4
√
3λ −1 4
√
1−Q2 4√V0
, (179)
and
Σ +Y 2n = 1, (180)
Q2q =
1
2
(−3Y 2n+2Q2+3Σ 2−1)= Q2+3Σ 2−2. (181)
Introducing the new time variable dMdt =
H
Q , the dynamical
system becomes
dΣ
dM
= 6µY 2n−1(Y − T¯ )+QΣ ((q−1)Q2−1) , (182)
dY
dM
=
(q−1)Q3Y +2QY +6µΣ(T¯ −Y )
n
, (183)
dT¯
dM
=
QT¯
(
(q−1)Q2+2)
n
, (184)
dQ
dM
= (q−1)Q2 (Q2−1) . (185)
and the deceleration parameter satisfies
qQ2 = 1−3cos2n(θ)+Q2. (186)
Introducing the complementary global transformation
Σ = F(θ)sin(θ), Y = cos(θ),
F(θ) =
√
1− cos2n(θ)
1− cos2(θ) , (187)
we obtain the following regular unconstrained 3D dynami-
cal system
dθ
dM
=−6µF(θ)(T¯ − cos(θ))
n
− 3QF(θ)
2 sin(2θ)
2n
, (188)
dT¯
dM
=−3QT¯
(
cos2n(θ)−1)
n
, (189)
dQ
dM
=
(
1−Q2)(3cos2n(θ)−1) . (190)
Introducing the compact variable T = T¯1+T¯ and the time deriva-
tive dτ¯dM = 1+ T¯ = (1−T )−1, we obtain the regular system:
dθ
dτ¯
=−6µF(θ)((T −1)cos(θ)+T )
n
+
3Q(T −1)F(θ)2 sin(2θ)
2n
, (191)
dT
dτ¯
=−3Q(T −1)
2T
(
cos2n(θ)−1)
n
, (192)
dQ
dτ¯
=
(
Q2−1)(T −1)(3cos2n(θ)−1) . (193)
The past boundary is attached to the phase-space, and it is
{T = 0,cos(θ)≤ 0}∪{T − (1−T )cosθ = 0,cos(θ)> 0}.
It is also included the future boundary T = 1, which corre-
sponds to H = 0 and the final state is the Minkowski point.
The region {T − (1−T )cosθ < 0,cos(θ)> 0} is forbidden.
We include the boundaries Q = ±1 too. The equilibrium
points of (191), (192), (193) and their stability is summa-
rized as follows.
– ±M±: T¯ = T = 0;Σ = ±1,Q = ±1,Y = 0;θ = ±pi2 +
2kpi,k∈Z, were we have used the Kernel: sign(Q)Msign(Σ).
The eigenvalues of −M+ are
{
− 3n ,−2,− 6µ+3n
}
. It is a
26
sink. The eigenvalues of −M− are
{
− 3n ,−2,− 3−6µn
}
. It
is a sink for µ < 12 or a saddle otherwise. The eigen-
values of +M+ are
{
3
n ,2,
3−6µ
n
}
. It is a source for µ <
1
2 or a saddle otherwise. The eigenvalues of +M− are{
3
n ,2,
6µ+3
n
}
. It is a source.
– dS±: T¯ = 1,T = 12 ;Σ = 0,Q =±1,Y = 1;θ = 2kpi,k ∈
Z. The eigenvalues of dS+ are
{
0,−2,− 32
}
. Nonhyper-
bolic with 2D stable manifold. The eigenvalues of dS−
are
{
0,2, 32
}
. Nonhyperbolic with 2D unstable manifold.
– PL±: T¯ = T = 0;Σ =±2µ,Q=±1;Y =−(1−4µ2) 12n ;
θ =±arccosY . Exists for µ < 1/2. The eigenvalues are{
± 12µ2n ,±(24µ2−4),±(12µ2−3)
}
. It is a saddle.
– L±1 : T¯ = T = 0;Σ = ±
√
2
3 ,Q = ±
√
6µ; Y = 3−
1
2n ,θ =
±arccos
(
3−
1
2n
)
. The eigenvalues are{
± 2
√
6µ
n ,∓
√
3µ+
√
8−45µ2√
2
,∓
√
3µ−
√
8−45µ2√
2
}
. Saddle.
– S±: T¯ = 3−
1
2n ,T = 1
1+3
1
2n
;Σ =±
√
2
3 ,Q = 0;Y = 3
− 12n ;
θ =±arccos
(
3−
1
2n
)
. The eigenvalues are{
±2 3
1
2n
3
1
2n +1
,∓2 3
1
2n
3
1
2n +1
,∓ 2
√
6µ
n
3
1
2n
3
1
2n +1
}
. It is a saddle.
Substituting T = 1 in the above equations we obtain dθdτ¯ =
− 6µn F(θ). This equation can be integrated in quadratures as
cos(θ)2F1
(
1
2
,
1
2n
;1+
1
2n
; cos2n(θ)
)
=
6µ
n
(τ¯− τ¯0) .
(194)
In figure 6 it is shown (a) a compact phase portrait of
(162), (163), (164) for the choice n = 2,µ = 1. (b) Dynam-
ics in the invariant set Z = 0. In (c)-(f) it is presented the
dynamics of (191), (192), (193) and some 2D projections
for n = 4,µ = 1.
4.4.3 Center manifold of the de Sitter solution
(θ ,T,Q) =
(
0, 12 ,1
)
for Horˇava-Lifshitz with non-flat
universe with Λ = 0 and E-potential under the
detailed-balance condition.
Proposition 8 The point (θ ,T,Q) =
(
0, 12 ,1
)
of the system
(191), (192), (193) is unstable (center-saddle).
Proof. Taking the linear transformation
(u,v1,v2) =
(
1
2
(2T −1),1−Q,−4µ+θ
√
n+8µT√
n
)
,
(195)
and taking Taylor series near (u,v1,v2) = (0,0,0) up to fifth
order we obtain the system (191), (192), (193) can be written
into its Jordan canonical form: dudNdv1
dN
dv2
dN
=
 0 0 00 −2 0
0 0 − 32
 uv1
v2
+
 f (u,v)g1(u,v)
g2(u,v)
 , (196)
where
f (u,v) = u
3(−3n3/2(v1−1)v22+48µ2
√
n((3n−1)v22+v1−1)−128µ3(3n−1)(v1−1)v2−24µn(v1−1)v2)
n3/2
− 64µ
2u5(8µ2+3n(−8µ2+v1−1))
n2 +
16µu4(−3n3/2v2+16µ3(3n−1)(v1−1)+6µn(v1−1)+16µ2(1−3n)
√
nv2)
n2 +
u2(48µ2(v1−1)((3n−1)v22−1)+8µ
√
nv2((1−3n)v22−3v1+3)+3n(v1−1)v22)
2n +
uv2(
√
nv2(v22(3n+v1−1)+6(v1−1))−16µ(v1−1)((3n−1)v22−3))
8
√
n +
1
16 (v1−1)v22
(
(3n−1)v22−6
)
,
g1(u,v) = 2048(1−3n)u
4v1µ4
n + 64u
3v1
(
3v1+
16(3n−1)v2µ√
n −6
)
µ2 − 48u2v1
(√
n(v1−2)v2+2
(
(6n−2)v22+ v1−2
)
µ
)
µ +
1
2 v1
(
(1−3n)nv42−3n(v1−2)v22+2v1
)
+uv1
(
3n2v42−nv42−6nv22+3nv1v22+8
√
n
(
(6n−2)v22+3v1−6
)
µv2−2v1+4
)
,
g2(u,v)=
512µ3((5n(11n+28)−61)µ2−15n(v1−1))u5
5n5/2
+
128µ2(4(−4v1+3n(4v1−3)+2)µ3−2
√
n(n(15n+28)−13)v2µ2−2n(3n−2)(v1−1)µ−3n3/2v2)u4
n5/2
+
8µ(−32(−4v1+3n(4v1−3)+2)v2µ3+2
√
n((n(65n+84)−43)v22+4(6v1n−3n+8v1−8))µ2+12n(3n−1)(v1−1)v2µ+3n3/2v22)u3
n2
+
4µ(12((−4v1+3n(4v1−3)+2)v22−4v1+2)µ2+
√
nv2((17−7n(5n+4))v22+12(2n−3(n+1)v1+3))µ−3n(v1−1)(3nv22−2))u2
n3/2
+
(−160v2((−4v1+3n(4v1−3)+2)v22−12v1+6)µ2+5
√
n((n(75n+28)−25)v42+24(6v1n−5n+4v1−4)v22−96v1)µ+4nv2(−v42+5(3n+1)(v1−1)v22−30(v1−1)))u
40n +
v2(2
√
n((1−5n2)v42−5(3n+1)(v1−1)v22+30v1)+5v2((−4v1+3n(4v1−3)+2)v22−24v1+12)µ)
40
√
n .
According to Theorem 1, there exists a 1-dimensional in-
variant local center manifoldW c (0) of (196),
W c (0) =
{
(u,v) ∈ R×R2 : v = h(u)}, satisfying h(0) =
0, Dh(0) = 0, |u| < δ for δ sufficiently small. The restric-
tion of (196) to the center manifold is dudN = f (u,h(u)) ,
where the function h(u) satisfies (A.10):
Dh(u) [ f (u,h(u))]−Ph(u)−g(u,h(u)) = 0, (197)
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where
P =
(−2 0
0 − 32
)
.
According to Theorem 3, the system (197) can be solved
approximately by expanding h(u) in Taylor series at u = 0.
Since h(0) = 0 and Dh(0) = 0, we propose the ansatsz
h(u) :=
(
h1 (u)
h2 (u)
)
=
(
∑4j=1 a ju j+1+O
(
u6
)
∑4j=1 b ju j+1+O
(
u6
)) , (198)
Comparing the coefficients of the equal powers of u we find
the non-null coefficients
b1 =− 16µ(n−4µ
2)
n3/2
,b2 =− 32(288µ
5+3µn2+4µ3n(3n−13))
3n5/2
,
b3 =
64µ(3648µ6−n3+4µ2(10−3n)n2+48µ4n(3n−16))
n7/2
,
b4 =
128µ(−2711040µ8−15n4−360µ2(n−3)n3−8µ4n2(5n(13n−330)+5761)−960µ6n(121n−687))
15n9/2
.
Therefore, the center manifold can be represented locally by
the graph
v1 = 0,
v2 =−
16
(
µ
(
n−4µ2))u2
n3/2
− 32
(
288µ5+4n(3n−13)µ3+3n2µ)u3
3n5/2
+
64µ
(
3648µ6+48n(3n−16)µ4+4(10−3n)n2µ2−n3)u4
n7/2
+
128µ
(−2711040µ8−960n(121n−687)µ6−8n2(5n(13n−330)+5761)µ4−360(n−3)n3µ2−15n4)u5
15n9/2
. (199)
That is,
θ =−4µ(2T −1)√
n
− 4µ(2T −1)
2
(
n−4µ2)
n3/2
− 4(2T −1)
3
(
288µ5+3µn2+4µ3n(3n−13))
3n5/2
+
4µ(2T −1)4 (3648µ6−n3+4µ2(10−3n)n2+48µ4n(3n−16))
n7/2
+
4µ(2T −1)5 (−2711040µ8−15n4−360µ2(n−3)n3−8µ4n2(5n(13n−330)+5761)−960µ6n(121n−687))
15n9/2
,
Q = 1. (200)
The dynamics on the center manifold is given by the gradient-like equation
du
dN
=−∇Π(u),
Π(u) =−8µ
2u3
n
− 1536µ
4u5
(
13µ2−2n)
5n3
− 12µ
2u4
(
n−8µ2)
n2
+
512u6
(
504µ8+4µ4n2+µ6n(12n−101))
n4
− 6144µ
4u7
(
24992µ6−6n3+µ2(385−72n)n2+8µ4n(106n−745))
7n5
. (201)
We have Π ′(0) = Π ′′(0) = 0,Π ′′′(0) = − 48µ2n < 0. It
follows that u = 0 is an inflection of the potential. Using
the Theorem 2, we conclude that the center manifold of ori-
gin for the system (196), and the origin are unstable (center-
saddle). 
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Table 5 Case 3: Equilibrium points at the finite region of the system (205), (206), (207).
Equil. (x,u,s) Existence Eigenvalues Stability
Points
P9(sˆ) (1,0, sˆ) f (sˆ) = 0 6−2
√
6sˆ,3,−2√6 f ′ (sˆ) nonhyperbolic for
f ′ (sˆ) = 0, or sˆ =
√
3
2 .
source for f ′ (sˆ)< 0, sˆ <
√
3
2 .
saddle otherwise.
P10(sˆ) (−1,0, sˆ) f (sˆ) = 0 6+2
√
6sˆ,3,2
√
6 f ′ (sˆ) nonhyperbolic for
f ′ (sˆ) = 0, or sˆ =−
√
3
2 .
source for f ′ (sˆ)> 0, sˆ >−
√
3
2 .
saddle otherwise.
P11(sˆ)
(√
2
3 sˆ,0, sˆ
)
f (sˆ) = 0 2sˆ2,2sˆ2−3,−4sˆ f ′ (sˆ) nonhyperbolic for
−
√
3
2 ≤ sˆ≤
√
3
2 f
′ (sˆ) = 0, or sˆ ∈
{
−
√
3
2 ,0,
√
3
2
}
.
saddle otherwise.
P011(uc) : (0,uc,0). uc ∈ R 0,− 32 ± 12
√
9−48 f (0)(u2c +1) nonhyperbolic.
Table 6 Case 3: Equilibrium points at the infinity region of the system (205), (206), (207).
Equil. (x,U,S) Existence Eigenvalues Stability
Points
Q19,20(sˆ)
(−1,±1, 2pi arctan(sˆ)) f (sˆ) = 0 −∞,2√6sˆ,2√6 f ′ (sˆ) sinks for sˆ < 0, f ′ (sˆ)< 0.
Q21,22(sˆ)
(
1,±1, 2pi arctan(sˆ)
)
f (sˆ) = 0 −∞,−2√6sˆ,−2√6 f ′ (sˆ) sinks for sˆ > 0, f ′ (sˆ)> 0.
Q23,24 (0,±1,0) always 0,−2i
√
3
√
f (0),2i
√
3
√
f (0) Saddle for f (0)< 0. Center for f (0)> 0.
5 Case 3: Flat universe with Λ 6= 0 under the
detailed-balance condition
The field equations of HL for a Flat universe with Λ 6= 0
under the detailed-balance condition are:
H2 =
1
6(3λ −1)
[
3λ −1
4
φ˙ 2+V (φ)
]
− µ
2Λ 2
16(3λ −1)2 , (202)
H˙ +
3
2
H2 =− 1
4(3λ −1)
[
3λ −1
4
φ˙ 2−V (φ)
]
− 3µ
2Λ 2
32(3λ −1)2 , (203)
φ¨ +3Hφ˙ +
2V ′(φ)
3λ −1 = 0. (204)
5.1 Arbitrary Potential
In this case the system (202), (203), (204) is given in its
autonomous form:
dx
dN
=
√
6s
(
u2− x2+1)+3x(x2−1) , (205)
du
dN
= 3ux2, (206)
ds
dN
=−2
√
6x f (s). (207)
defined on the phase space {(x,u,s) ∈ R3 : x2−u2 ≤ 1}.
The equilibrium points/curves at the finite region of the
phase space of (205), (206), (207) are presented in Table 5,
where is shown the existence and stability conditions. We
proceed to the discussion of the more relevant features of
them.
– P9(sˆ) : (x,u,s) = (1,0, sˆ), where f (sˆ) = 0. It is a source
for f ′ (sˆ)< 0, sˆ <
√
3
2 .
– P10(sˆ) : (x,u,s)= (−1,0, sˆ), where f (sˆ)= 0. It is a source
for f ′ (sˆ)> 0, sˆ >−
√
3
2 .
– P11(sˆ) : (x,u,s)=
(√
2
3 sˆ,0, sˆ
)
, where f (sˆ)= 0,−
√
3
2 ≤
sˆ≤
√
3
2 . It is a saddle.
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Fig. 7 (Color online) Compact phase portrait of (212), (213) for different choices of the parameter s.
– P011(uc) : (x,u,s) = (0,uc,0). This line of equilibrium
points is new, and it was not found in [36]. It is non-
hyperbolic.
– There are two lines of equilibrium points P12,13(sc) : (x,u,s)=
(0,±i,sc),sc ∈Rwhich are not considered since they are
complex valued.
Due to the dynamical system (205), (206), (207) is un-
bounded, we introduce the new variables
X =
x√
1+u2
, U =
u√
1+u2
, S =
2
pi
arctan(s), (208)
and the time rescaling d fdτ =
√
1−U2 d fdN to obtain the dy-
namical system
dX
dτ
=
(
X2−1)(3√1−U2X−√6 tan(piS
2
))
, (209)
dU
dτ
= 3U
√
1−U2X2, (210)
dS
dτ
=−2
√
6X(cos(piS)+1) f
(
tan
(piS
2
))
pi
, (211)
defined on the compacted phase space
{(X ,U,S) ∈ R3 :−1≤ X ≤ 1,−1≤U ≤ 1,−1≤ S≤ 1}.
The points at the infinite region of the phase space are
summarized in table 6. Now we discuss the relevant features
of them.
– Q19,20(sˆ) : (X ,U,S) =
(−1,±1, 2pi arctan(sˆ)). It is a sink
for sˆ < 0, f ′ (sˆ)< 0
30
– Q21,22(sˆ) : (X ,U,S)=
(
1,±1, 2pi arctan(sˆ)
)
, where f (sˆ)=
0. It is a sink for sˆ > 0, f ′ (sˆ)> 0.
– Q23,24 : (X ,U,S) = (0,±1,0). Always exists. It is a Sad-
dle for f (0)< 0. It is a Center for f (0)> 0.
5.2 Exponential Potential
In this example the system (209), (210) becomes
dX
dτ
=
(
X2−1)(3X√1−U2−√6s) , (212)
dU
dτ
= 3X2U
√
1−U2, (213)
defined on the compact phase space
{(X ,U) ∈ R2 :−1≤ X ≤ 1,−1≤U ≤ 1}.
Under this scenario, the Horˇava-Lifshitz universe admits
two unstable equilibrium points (P9,10), completely domi-
nated by stiff dark matter.
Point P11 exhibits a more physical dark matter equation-
of-state parameter, but still with negligible dark energy at
late times.
Figure 7 a) illustrates when Q19,20 : (X ,U) = (−1,±1)
is a sink for s < 0. Figures 7 b), c) and d) illustrates when
Q21,22 : (X ,U) = (1,±1) is a sink for s > 0.
5.3 Powerlaw Potential
In this example the system (209), (210), (211) becomes
dX
dτ
=
(
X2−1)(3√1−U2X−√6 tan(piS
2
))
, (214)
dU
dτ
= 3U
√
1−U2X2, (215)
dS
dτ
=−
√
6X(cos(piS)−1)
pin
, (216)
defined on the compact phase space
{
(X ,U,S) ∈ R3 :−1≤ X ≤ 1,−1≤U ≤ 1,−1≤ S≤ 1
}
.
The coordinates equilibrium points of (214), (215), (216)
and their stability conditions are summarized as follows:
– (x,U,S)= (0,Uc,0)with eigenvalues
{
0,0,−3
√
1−U2c
}
.
Non-hyperbolic with a 1 dimensional stable manifold.
– (x,U,S) = (−1,0,0) with eigenvalues {6,3,0}.
Non-hyperbolic with a 2 dimensional unstable manifold.
– (x,U,S) = (1,0,0) with eigenvalues {6,3,0}.
Non-hyperbolic with a 2 dimensional unstable manifold.
– (x,U,S)= (−1,−1,0)with eigenvalues {0,−∞,0}. Non-
hyperbolic with a 1 dimensional stable manifold.
– (x,U,S) = (−1,1,0) with eigenvalues {0,−∞,0}. Non-
hyperbolic with a 1 dimensional stable manifold.
– (x,U,S) = (1,−1,0) with eigenvalues {0,−∞,0}. Non-
hyperbolic with a 1 dimensional stable manifold.
– (x,U,S) = (1,1,0) with eigenvalues {0,−∞,0}. Non-
hyperbolic with a 1 dimensional stable manifold.
5.3.1 Alternative compactification
Introducing the following compactification
Hˆ =
√
H2+
µ2Λ 2
16(3λ −1)2 , (217)
Q =
H
Hˆ
, (218)
Σ =
φ˙
2
√
6Hˆ
, (219)
Y =
µφ
2
1
n 3
1
2n ((3λ −1)n) 12n Hˆ 1n
, (220)
T =
c
c+ Hˆ
1
n
, c = 2
3
2− 1n 3
n−1
2n n−
1
2n (3λ −1)− 12n µ, (221)
Σ +Y 2n = 1. (222)
such that
φ˙ = 2
√
6Σcn
(
1
T
−1
)n
, (223)
φ =
2
1
n 3
1
2n n
1
2n
( 1
T −1
)
Y (3λ −1) 12n c
µ
, (224)
Λ =
4(3λ −1)
√
1−Q2cn ( 1T −1)n
µ
, (225)
Hˆ = cn
(
1
T
−1
)n
, (226)
and the new time variable dτˆdt = Hˆ(1−T )−1, we obtain the
dynamical system
dΣ
dτˆ
=−nTY 2n−1−QΣ(T −1)((q+1)Q2−3) , (227)
dY
dτˆ
= ΣT − (q+1)Q
3(T −1)Y
n
, (228)
dT
dτˆ
=
(q+1)Q3(T −1)2T
n
, (229)
dQ
dτˆ
=−(q+1)Q2 (Q2−1)(T −1). (230)
where
Q2q =
1
2
(−3Y 2n−2Q2+3Σ 2+3)= 3Σ 2−Q2. (231)
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Fig. 8 (a) Compact phase portrait of (214), (215), (216) for the choice n= 2. (b) Dynamics in the invariant set U = 0. (c)-(f): Dynamics of (233),
(234), (235), and some 2D projections of the solutions for n = 4,µ = 1.
Introducing the complementary global transformation
Σ = F(θ)sin(θ), Y = cos(θ),
F(θ) =
√
1− cos2n(θ)
1− cos2(θ) , (232)
we obtain the following unconstrained 3D dynamical system
32
dθ
dτˆ
=
3Q(T −1)F(θ)2 sin(2θ)
2n
−T F(θ), (233)
dT
dτˆ
=
3Q(T −1)2T (1− cos2n(θ))
n
, (234)
dQ
dτˆ
=−3(Q2−1)(T −1)(1− cos2n(θ)) . (235)
where
Q2q =−3cos2n(θ)−Q2+3. (236)
The equilibrium points of (233), (234), (235) and their sta-
bility conditions are summarized as follows:
– ±M+: (θ ,T,Q) = (pi2 +2kpi,0,±1). (Σ ,Y ) = (1,0). The
eigenvalues are
{±6,± 3n ,± 3n}. −M+ is a sink whereas
+M+ is a source.
– ±M−: (θ ,T,Q) = (−pi2 + 2kpi,0,±1). (Σ ,Y ) = (−1,0).
In the last two cases we used the Kernel: sign(Q)Msign(Σ).
The eigenvalues are
{±6,± 3n ,± 3n}. −M− is a sink whereas
+M− is a source.
– dS±: (θ ,T,Q) = (2kpi,0,±1); (Σ ,Y ) = (0,1) and dS±−:
(θ ,T,Q)= ((2k+1)pi,0,±1); (Σ ,Y )= (0,−1). The eigen-
values are∓3,0,0. Nonhyperbolic, 2 dimensional center
manifold. In general we have the line dS+(Q∗): (θ ,T,Q)=
(2kpi,0,Q∗); (Σ ,Y ) = (0,1) and dS−(Q∗): (θ ,T,Q) =
((2k+1)pi,0,Q∗); (Σ ,Y ) = (0,−1). The eigenvalues are
−3Q∗,0,0. Nonhyperbolic, 2 dimensional center mani-
fold.
Substituting T = 1 in the above equations we obtain dθdτˆ =
−F(θ). This equation can be integrated in quadratures as
cos(θ)2F1
(
1
2
,
1
2n
;1+
1
2n
; cos2n(θ)
)
= (τˆ− τˆ0) . (237)
In the figure 8 it is shown (a) a compact phase portrait
of the system (214), (215), (216) for the choice n = 2. (b)
Dynamics in the invariant set U = 0. In Fig. 8 (c)-(f) it is
presented the dynamics of the system (233), (234), (235)
and some 2D projections of the solutions for n = 4,µ = 1.
5.3.2 Center manifold of the de Sitter solution for: (i)
dS+ : (θ ,T,Q) = (0,0,1), (ii)
dS+(Q∗) : (θ ,T,Q) = (0,0,Q∗),Q∗ 6=±1,0, for
Horˇava-Lifshitz with flat universe with Λ 6= 0 and
powerlaw potential under the detailed-balance.
Proposition 9 (i) The point dS+: (θ ,T,Q) = (0,0,1) of the
system (233), (234), (235) is unstable (saddle point). (ii) The
line of fixed points dS+(Q∗) :(θ ,T,Q) = (0,0,Q∗),Q∗ 6=
±1,0 of the system (233), (234), (235) is unstable (saddle).
Proof Part (i): Taking the linear transformation
(u1,u2,v) =
(
T,1−Q, 1
3
(
3θ +
√
nT
))
,
u1 ∈ [0,1],u2 ∈ [0,2], (238)
and taking Taylor series near (u1,u2,v) = (0,0,0) up to fifth
order we obtain the system (233), (234), (235) can be written
into its Jordan canonical form: du1dNdu2
dN
dv
dN
=
 0 0 00 0 0
0 0 −3
u1u2
v
+
 f1(u,v)f2(u,v)
g(u,v)
 , (239)
where
f1(u,v) = 1162 n
(−3n2+n+54)u51 + u31 ( 13 ((−3n2+n+9)v2+12√nv+n)+u2 (−4√nv− n3)) +
u41
( 2
3 u2 (3
√
nv+n)+ 227 (n(3n−1)−27)
√
nv− 2n3
)
+ u21
(
2u2v(
√
n+3v)+ 23 v
(√
n
(
(3n−1)v2−3)−9v)) +
u1
( 1
2 (1−3n)v4−3u2v2+3v2
)
,
f2(u,v) = u1
(
u2
(
4n5/2v3− 43 n3/2
(
v2+3
)
v−6nv2)+nu22v(2√n+3v)) + 181 (1 − 3n)n3u41u2 +
u31
(
n2u22
3 +
2
27 n
2u2 (2
√
n(3n−1)v−9)
)
+ u21
(
u22
(
−2n3/2v− n23
)
+u2
(
4n3/2v−2n3v2+ 23 n2
(
v2+1
))) − 3nu22v2 +
nu2v2
(
(1−3n)v2+6),
g(u,v) = n
3/2(n(5n(11n−38)+39)+4320)u51
38880 + u
4
1
( 1
54 (11−3n)n3/2u2+ 154 (3n−11)n3/2− 1648 (n(3n−7)(5n−1)+432)nv
)
+
u31
( 1
54 u2
(
(3n−5)n3/2+9(3n−7)nv)+ 1432 (4(7−3n)n3/2+√n(n(n(65n−114)+17)+432)v2+72(7−3n)nv)) +
u21
( 1
2
√
nu2 (2− (n−1)v(
√
n+3v))− 172 (n−1)n(35n−3)v3+ 32 (n−1)
√
nv2+ 13 (n−1)nv−
√
n
)
+u1
( 1
2 u2
(
(3n+1)v3+
√
n(3n−1)v2−2√n−6v)+ 196 v(√n(n(75n−38)−5)v3−48(3n+1)v2+24(1−5n)√nv+288))+
u2
(
3v− 12 (3n+1)v3
)
+ 110 v
3
(−5n(nv2−3)+ v2+5).
According to Theorem 1, there exists a 2-dimensional in-
variant local center manifold W c (0) of (239),
W c (0) =
{
(u,v) ∈ R2×R : v = h(u)}, satisfying
h(0) = 0, Dh(0) = 0, |u| < δ for δ sufficiently small. The
restriction of (239) to the center manifold is dudN = f(u,h(u)),
where the function h(u) satisfies (A.10):
Dh(u) · f(u,h(u))+3h(u)−g(u,h(u)) = 0. (240)
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Fig. 9 Numerical solutions of the system (242), (243).
According to Theorem 3, the system (240) can be solved
approximately by expanding h(u) in Taylor series at u = 0.
We propose the ansatz
h(u1,u2) = a1u21+a10u1u
2
2+a11u
2
1u
2
2+a12u
3
1u
2
2+a13u
3
2
+a14u1u32+a15u
2
1u
3
2+a16u
4
2+a17u1u
4
2+a18u
5
2+a2u
3
1
+a3u41+a4u
5
1+a5u1u2+a6u
2
1u2+a7u
3
1u2+a8u
4
1u2
+a9u22+O(|u|6) (241)
By comparing the coefficients of the equal powers of
u1,u2 we find the non-null coefficients
a1 =−
√
n
3 , a2 =− 1324
√
n(n(3n−7)+108),
a3 =− 1108
√
n(n(3n−7)+36),
a4 =−
√
n(n(n(65n2−570n+7561)−15120)+38880)
116640 ,
a5 =−
√
n
3 ,a6 =−
√
n
3 ,a7 =
1
108
√
n(n(5n+7)−36),
a8 = 136 (n−1)
√
n(5n+12),a10 =−
√
n
3 ,a11 =−
√
n
3 ,
a12 = 154
√
n(n(15n+7)−18),a14 =−
√
n
3 ,a15 =−
√
n
3 ,a17 =
−
√
n
3 .
Therefore, h(u1,u2)=−
√
n(n(n(65n2−570n+7561)−15120)+38880)u51
116640
+ 136 (n−1)
√
n(5n+12)u41u2− 1108
√
n(n(3n−7)+36)u41 +
1
54
√
n(n(15n+7)−18)u31u22+ 1108
√
n(n(5n+7)−36)u31u2−
1
324
√
n(n(3n−7)+108)u31− 13
√
nu21u
3
2− 13
√
nu21u
2
2− 13
√
nu21u2−√
nu21
3 − 13
√
nu1u42− 13
√
nu1u32− 13
√
nu1u22− 13
√
nu1u2,
and the center manifold can be expressed as
θ = 518 n
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Fig. 10 Numerical solutions of the system (247), (248).
7
54 n
3/2T 5 + 19 n
5/2T 4 + 727 n
3/2T 4 + 1754 n
5/2T 3 + 35162 n
3/2T 3−
1
3
√
nQ4T + 13
√
nQ3T 2+ 53
√
nQ3T− 13
√
nQ2T 3− 43
√
nQ2T 2−
10
3
√
nQ2T + 13
√
nQT 4 +
√
nQT 3 + 2
√
nQT 2 + 103
√
nQT −√
nT 5
3 − 2
√
nT 4
3 −
√
nT 3 − 4
√
nT 2
3 − 5
√
nT
3 . The dynamics on
the center manifold is given by
du1
dN
=
1
27
nu31
(
9
(
u22+u2+1
)−nu21) , (242)
du2
dN
=
4
3
n2u21u
3
2+n
2u21(u1+1)u
2
2
+
2
27
n2u21u2(u1(9− (n−9)u1)+9). (243)
For which the origin is unstable (see Figure 9). Using the
Theorem 2, we conclude that the center manifold of origin
for the system (242), (243), and the origin are unstable (sad-
dle).
Proof Part (ii): More general, by introducing the linear
transformation
(u1,u2,v) =
(
T,Q∗−Q, 1
3
(
3Q∗θ +
√
nT
))
,
u1 ∈ [0,1],u2 ∈ [1−|Q∗|,1+ |Q∗|]⊂ [0,2],
(244)
and taking Taylor series near (u1,u2,v) = (0,0,0) up to fifth
order we obtain the system (233), (234), (235) can be written
into its Jordan canonical form: du1dNdu2
dN
dv
dN
=
 0 0 00 0 0
0 0 −3Q∗
 u1u2
v
+
 f ∗1 (u,v)f ∗2 (u,v)
g∗(u,v)
 , (245)
34
f ∗1 (u,v) =
u1(
√
nu1−3v)2
(
−(3n−1)(√nu1−3v)2+54Q∗2(u1−1)2+54Q∗(2u1−1)u2
)
162Q∗3 ,
f ∗2 (u,v)=−
n(
√
nu1−3v)2
(
Q∗2(u1−1)
(
(3n−1)(√nu1−3v)2−54(u22−1)
)
+2(3n−1)Q∗u2(
√
nu1−3v)2−(3n−1)(u1−1)(
√
nu1−3v)2−54Q∗4(u1−1)+108Q∗3(u1−1)u2
)
162Q∗4 ,
g∗(u,v)= (1−5n
2)v5
10Q∗3 +
v(u1(n2((38−15n)n−7)u31−108nQ∗2u1(n(3u1−2)+u1(4u1−7)+2)+1944Q∗4)+108Q∗u2(nu21(3n(u1−1)−7u1+3)−18Q∗2(u1−1)))
648Q∗3 +√
nu1(u1(n2(5n(11n−38)+39)u31+360nQ∗2u1(n(6u1−3)+2u1(6u1−11)+7)−38880Q∗4)+720Q∗u2(nu21(−3n(u1−1)+11u1−5)+54Q∗2(u1−1)))
38880Q∗3
+
√
n(n(75n−38)−5)u1v4
96Q∗3 −
v3(36(3n+1)Q∗2(u1−1)−36(3n+1)Q∗(u1−1)u2+(n−1)n(35n−3)u21)
72Q∗3
+
√
nu1v2(108Q∗2(6(n−1)u1−5n+4u21+1)−216Q∗u2(3n(u1−1)−3u1+1)+n(n(65n−114)+17)u21)
432Q∗3
where
By Theorem 1, exists a 2-dimensional local center man-
ifold of (239), W c (0) =
{
(u,v) ∈ R2×R : v = h(u)}, satis-
fying h(0) = 0, Dh(0) = 0, |u|< δ for δ sufficiently small.
The restriction of (245) to the center manifold is
du
dN = f(u,h(u)), where the function h(u) that satisfies (A.10):
Dh(u) · f(u,h(u))+3Q∗h(u)−g(u,h(u)) = 0. (246)
Replacing (241) in (246) we find the non-null coefficients
a1 =−
√
n
3 ,a2 =
√
n(12n2+(7−15n)nQ∗2−108Q∗4)
324Q∗4 ,
a3 =
√
n(12n2+(7−15n)nQ∗2−36Q∗4)
108Q∗4 ,
a4 =
√
n(−3360n4+120n3(55n−27)Q∗2+n2(5(762−661n)n+24839)Q∗4−2160n(15n−7)Q∗6−38880Q∗8)
116640Q∗8 ,
a5 =−
√
n
3Q∗ ,a6 =−
√
n
3Q∗ ,a7 =
√
n(20n2+(7−15n)nQ∗2−36Q∗4)
108Q∗5 ,
a8 =
√
n(20n2+(7−15n)nQ∗2−12Q∗4)
36Q∗5 ,a10 =−
√
n
3Q∗2 ,a11 =−
√
n
3Q∗2 ,
a12 =
√
n(30n2+(7−15n)nQ∗2−18Q∗4)
54Q∗6 ,a14 =−
√
n
3Q∗3 ,
a15 =−
√
n
3Q∗3 ,a17 =−
√
n
3Q∗4 .
Therefore,
h(u1,u2) =
√
nu41(12n
2+(7−15n)nQ∗2−36Q∗4)
108Q∗4 +
√
nu31(12n
2+(7−15n)nQ∗2−108Q∗4)
324Q∗4 +
√
nu31u
2
2(30n
2+(7−15n)nQ∗2−18Q∗4)
54Q∗6 +√
nu41u2(20n
2+(7−15n)nQ∗2−12Q∗4)
36Q∗5 +
√
nu31u2(20n
2+(7−15n)nQ∗2−36Q∗4)
108Q∗5
+
√
nu51(−3360n4+120n3(55n−27)Q∗2+n2(5(762−661n)n+24839)Q∗4−2160n(15n−7)Q∗6−38880Q∗8)
116640Q∗8 −
√
nu1u42
3Q∗4 −
√
nu21u
3
2
3Q∗3 −
√
nu1u32
3Q∗3 −
√
nu21u
2
2
3Q∗2 −√
nu1u22
3Q∗2 −
√
nu21u2
3Q∗ −
√
nu1u2
3Q∗ −
√
nu21
3 .
Finally, the center manifold can be expressed as
θ = 5n
5/2Q2T 3
9Q∗7 −
5n5/2Q2T 3
18Q∗5 +
7n3/2Q2T 3
54Q∗5 −
5n5/2QT 4
9Q∗6 −
35n5/2QT 3
27Q∗6 +
5n5/2QT 4
12Q∗4 −
7n3/2QT 4
36Q∗4 +
25n5/2QT 3
36Q∗4 −
35n3/2QT 3
108Q∗4 −
7n9/2T 5
243Q∗9 +
55n9/2T 5
972Q∗7 −
n7/2T 5
36Q∗7 −
661n9/2T 5
23328Q∗5 +
127n7/2T 5
3888Q∗5 +
24839n5/2T 5
116640Q∗5 +
2n5/2T 4
3Q∗5 +
7n5/2T 3
9Q∗5 −
5n5/2T 5
18Q∗3 +
7n3/2T 5
54Q∗3 −
5n5/2T 4
9Q∗3 +
7n3/2T 4
27Q∗3 −
25n5/2T 3
54Q∗3 +
35n3/2T 3
162Q∗3 −
√
nQ4T
3Q∗5 +
√
nQ3T 2
3Q∗4 +
5
√
nQ3T
3Q∗4 −
√
nQ2T 3
3Q∗3 −
4
√
nQ2T 2
3Q∗3 −
10
√
nQ2T
3Q∗3 +
√
nQT 4
3Q∗2 +
√
nQT 3
Q∗2 +
2
√
nQT 2
Q∗2 +
10
√
nQT
3Q∗2 −
√
nT 5
3Q∗ −
2
√
nT 4
3Q∗ −
√
nT 3
Q∗ − 4
√
nT 2
3Q∗ − 5
√
nT
3Q∗ .
The dynamics on the center manifold is given by
du1
dN
=
nu31
(
Q∗2
(
n(2n−1)u21+9
(
Q∗2+Q∗u2+u22
))−2n2u21)
27Q∗5
, (247)
du2
dN
=
4n2u21u
3
2
3Q∗5
+
n2u21(u1+1)u
2
2
Q∗4
+
2n2u21u2
(
Q∗4
(
u1
((−2n2+n+9)u1+9)+9)−6n2u21+2n(4n−1)Q∗2u21)
27Q∗7
− n
2
(
Q∗2−1)u21 (−2n2u21(3u1+1)+n(2n−1)Q∗2u21(3u1+1)+9Q∗4(u1+1)(u21+1))
27Q∗6
. (248)
In the Figure 10 are presented some numerical solutions of
the system (247), (248) for n = 1,4 and Q∗ = ±1. The plot
illustrates the generic feature that for Q∗ > 0 (respectively,
Q∗ < 0), the center manifold is unstable (respectively, sta-
ble), but in this case the third eigenvalue is −3Q∗ < 0 (re-
spectively, −3Q∗ > 0). That is, the origin is a saddle. 
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5.4 E-models
In this example the dynamical system (209), (210), (211) is
reduced to
dX
dτ
=
(
X2−1)(3√1−U2X−√6 tan(piS
2
))
, (249)
dU
dτ
= 3U
√
1−U2X2, (250)
dS
dτ
=
X
(
−6µ sin(piS)−√6cos(piS)+√6
)
pin
, (251)
defined on the compact phase space{
(X ,U,S) ∈ R3 :−1≤ X ≤ 1,−1≤U ≤ 1,−1≤ S≤ 1
}
.
The coordinates equilibrium points of the system (249), (250),
(251) and their stability conditions are summarized as fol-
lows:
– (x,U,S)= (0,Uc,0)with eigenvalues
{
0,0,−3
√
1−U2c
}
.
Non-hyperbolic with a 1 dimensional stable manifold.
– (x,U,S) = (−1,0,0) with eigenvalues
{
3,6, 6µn
}
. It is a
source.
– (x,U,S) =
(
−1,0, 2 arctan (
√
6µ)
pi
)
with eigenvalues{
3,12µ+6,− 6µn
}
. It is a saddle.
– (x,U,S) = (1,0,0) with eigenvalues
{
3,6,− 6µn
}
. It is a
saddle.
– (x,U,S) =
(
1,0,
2 arctan (
√
6µ)
pi
)
with eigenvalues{
3,6−12µ, 6µn
}
. It is a source for µ < 12 .
– (x,U,S) = (−1,−1,0) with eigenvalues
{
0,−∞, 6µn
}
.
Non-hyperbolic with a 1 dimensional stable manifold.
– (x,U,S) =
(
−1,−1, 2 arctan (
√
6µ)
pi
)
with eigenvalues{
−∞,12µ,− 6µn
}
. It is a saddle.
– (x,U,S)= (−1,1,0)with eigenvalues
{
0,−∞, 6µn
}
. Non-
hyperbolic. Behaves as saddle.
– (x,U,S) =
(
−1,1, 2 arctan (
√
6µ)
pi
)
with eigenvalues{
−∞,12µ,− 6µn
}
. It is a saddle.
– (x,U,S) = (1,−1,0) with eigenvalues
{
0,−∞,− 6µn
}
.
Non-hyperbolic with a 2 dimensional stable manifold.
– (x,U,S) =
(
1,−1, 2 arctan (
√
6µ)
pi
)
with eigenvalues{
−∞,−12µ, 6µn
}
. It is a saddle.
– (X ,Z,S) = (1,1,0). The eigenvalues are
{
0,−∞,− 6µn
}
.
Nonhyperbolic with a 2 dimensional stable manifold.
– (x,U,S) =
(
1,1,
2 arctan (
√
6µ)
pi
)
with eigenvalues{
−∞,−12µ, 6µn
}
. It is a saddle.
5.4.1 Alternative compactification
Introducing the new variables
Hˆ =
√
H2+
µ2Λ 2
16(3λ −1)2 , (252)
Q =
H
H¯
, (253)
Σ =
φ˙
2
√
6H¯
, (254)
Y =
(
V (φ)
6(3λ −1)H¯2
) 1
2n
= Tˆ
(
1− e−
√
2
3α φ
)
, (255)
Tˆ =
[
V0
6(3λ −1)Hˆ2
] 1
2n
, (256)
such that
φ˙ =
2Σ
√
V0Tˆ−n√
3λ −1 , (257)
φ =−
√
2
3 n ln
(
1− Y
Tˆ
)
µ
, (258)
Λ =
2
√
2
3
√
3λ −1
√
1−Q2√V0Tˆ−n
µ
, (259)
H =
Q
√
V0Tˆ−n√
18λ −6 , (260)
Σ +Y 2n = 1, (261)
and the new time variable dMdt =H/Q, we obtain the dynam-
ical system becomes
dΣ
dM
= 6µY 2n−1(Y − Tˆ )+QΣ ((q+1)Q2−3) , (262)
dY
dM
=
(q+1)Q3Y +6µΣ(Tˆ −Y )
n
, (263)
dTˆ
dM
=
(q+1)Q3Tˆ
n
, (264)
dQ
dM
= (q+1)Q2
(
Q2−1) . (265)
where
Q2q =
1
2
(−3Y 2n−2Q2+3Σ 2+3)= 3Σ 2−Q2. (266)
Introducing the complementary global transformation
Σ = F(θ)sin(θ), Y = cos(θ),
F(θ) =
√
1− cos2n(θ)
1− cos2(θ) , (267)
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Fig. 11 (a) Compact phase portrait of (249), (250), (251) for the choice n = 2,µ = 1. (b) Dynamics in the invariant set Z = 0. (c)-(f): Dynamics
of (272), (273), (274) and some 2D projections of the solutions for n = 4,µ = 1.
we obtain the regular unconstrained 3D dynamical system
dθ
dM
=−3QF(θ)
2 sin(θ)cos(θ)
n
− 6µF(θ)(Tˆ − cos(θ))
n
, (268)
dTˆ
dM
=
3QTˆ
(
1− cos2n(θ))
n
, (269)
dQ
dM
= 3
(
Q2−1)(1− cos2n(θ)) . (270)
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Fig. 12 Numerical solutions of the system (280) shows the instability
of the origin (u1,u2) = (0,0).
where the deceleration parameter is expressed as
Q2q =−3cos2n(θ)−Q2+3. (271)
Introducing the new compact variable T = Tˆ
1+Tˆ
, and the new
time derivative dτ¯dM = 1+ Tˆ = (1−T )−1, we obtain:
dθ
dτ¯
=−6µF(θ)((T −1)cos(θ)+T )
n
+
3Q(T −1)F(θ)2 sin(2θ)
2n
, (272)
dT
dτ¯
=
3Q(T −1)2T (1− cos2n(θ))
n
, (273)
dQ
dτ¯
=−3(Q2−1)(T −1)(1− cos2n(θ)) . (274)
The coordinates equilibrium points of the system (272),
(273), (274) and their stability conditions are summarized as
follows:
– ±M±: Tˆ = T = 0;Σ = ±1,Q = ±1,Y = 0;θ = ±pi2 +
2kpi,k∈Z, were we have used the Kernel: sign(Q)Msign(Σ).
The eigenvalues of −M+ are
{
− 3n ,−6,− 6µ+3n
}
. It is a
sink. The eigenvalues of −M− are
{
− 3n ,−6, 6µ−3n
}
. It
is a sink for µ < 12 or a saddle otherwise. The eigen-
values of +M+ are
{
3
n ,6,
3−6µ
n
}
. It is a source for µ <
1
2 or a saddle otherwise. The eigenvalues of +M− are{
3
n ,6,
6µ+3
n
}
. It is a source.
– dS±: Tˆ = 1,T = 12 ;Σ = 0,Q =±1,Y = 1;θ = 2kpi,k ∈
Z. The eigenvalues of dS+ are
{
0,0,− 32
}
. Nonhyper-
bolic with 1D stable manifold. The eigenvalues of dS−
are
{
0,0, 32
}
. Nonhyperbolic with 1D unstable manifold.
More generally, we have dS(Q∗): Tˆ = 1,T = 12 ;Σ =
0,Q = Q∗,Y = 1;θ = 2kpi,k ∈ Z, with eigenvalues{
0,0,− 32 Q∗
}
.
– PL±: Tˆ = T = 0;Σ =±2µ,Q=±1;Y =−(1−4µ2) 12n ;
θ =±arccosY . Exists for µ < 1/2. The eigenvalues are{
12µ2
n ,24µ
2,12µ2−3
}
. It is a saddle.
In the figure 11 it is shown (a) a compact phase portrait
of the system (249), (250), (251) for the choice n= 2,µ = 1.
(b) Dynamics in the invariant set Z = 0. In Fig. 11 (c)-(f) it
is presented the dynamics of the system (272), (273), (274)
and some 2D projections of the solutions for n = 4,µ = 1.
5.4.2 Center manifold of the de Sitter solution: for (i)
dS+:(θ ,T,Q) =
(
0, 12 ,1
)
, (ii) For
dS+(Q∗) : (θ ,T,Q) =
(
0, 12 ,Q
∗) ,Q∗ 6=±1,0, for
Horˇava-Lifshitz model with flat universe with Λ 6= 0 and
E-model under the detailed-balance.
Proposition 10 (i) The point dS+: (θ ,T,Q) = (0, 12 ,1) of
the system (272), (273), (274) is unstable (saddle). (ii) The
line of fixed points dS+(Q∗) :(θ ,T,Q) =
(
0, 12 ,Q
∗) ,Q∗ 6=
±1,0 of the system (272), (273), (274) is unstable (saddle).
Proof Part (i):
Taking the linear transformation
(u1,u2,v) =
(
µ(4−8T )√
n
,
µ(4−8T )√
n
+Q−1,θ + 4µ(2T −1)√
n
)
,
(275)
and taking Taylor series near (u1,u2,v) = (0,0,0) up to fifth
order we obtain the system (272), (273), (274) can be written
into its Jordan canonical form: du1dNdu2
dN
dv
dN
=
 0 0 00 0 0
0 0 − 32
u1u2
v
+
 f1(u,v)f2(u,v)
g(u,v)
 , (276)
where
f1(u,v) =
u51v(−15n3/2−32µ3(15(n−1)n+4)+80µ2(1−3n)
√
n+20µ(1−3n)n)
160µ2
√
n +
u41v
2(−3n3/2−32µ3(15(n−1)n+4)+48µ2(1−3n)√n+12µ(1−3n)n)
64µ2
√
n +
u21(3n
3/2u31−32µ3((3n−1)u21−6)(u1−u2−1)+12µnu21(−u1+u2+1)+8µ2
√
nu1(u1((3n−1)u1+6)−6(u2+1)))
64µ2
√
n
38
+
u1v3(−16µ2(15n2u21−3n(5u21−3u1+3u2+3)+4u21−3u1+3u2+3)+3(1−3n)nu21−12µ
√
n(3n−1)u1(u1−u2−1))
24µ
√
n +
u21v
4(−3n2−16µ2(15(n−1)n+4)+4µ(1−3n)√n+n)
32µ
√
n +
u41v(16µ
2(3n−1)+3n)(√n(u2+1)−4µ)
32µ2
√
n +
3u31v
2(16µ2(3n−1)+n)(√n(u2+1)−4µ)
64µ2
√
n +
1
8 u
3
1v
(
(u2+1)(16µ2(3n−1)+3n)
µ
√
n +12
)
+
3u21v
2(4µ
√
n+16µ2(3n−1)(u2+1)+n(u2+1))
16µ
√
n +
u21
(
6µv√
n − 32 (u2 +1)v
)
+ (3n−1)u1v
4(
√
n(u2+1)−4µ)
8
√
n +
3
4 u1v
2
(
4µ√
n −u2−1
)
− 6µu1(u2+1)v√n −
µ(15(n−1)n+4)u1v5
5
√
n +
µ(3n−1)(u2+1)v4
2
√
n −
3µ(u2+1)v2√
n ,
f2(u,v) = 164
(
8(12n−1)n+ 3nµ2 +
12(2n−1)√n
µ −8+ 32(1−3n)µ√n
)
u51
+ 1160 v
(
−80(6n+1)n− 15nµ2 +
20(n(12n−7)+1)√n
µ +80− 32(15(n−1)n+4)µ√n
)
u51
+
(8(3n−1)(u2+1)µ2+4
√
n(2n(−3nu2+u2+3)+3)µ−3n(4n−1)(u2+1))u41
16
√
nµ
+
v(64(1−3n)µ3+16√n(3n−1)(4n+1)(u2+1)µ2+4n(2n((2−6n)u2+3)−3)µ+3n3/2(u2+1))u41
32
√
nµ2
+
v2(−32(15(n−1)n+4)µ3−48√n(6n2+n−1)µ2+12n(n(12n−7)+1)µ−3n3/2)u41
64
√
nµ2 +
3
8
(
u2(u2+2)n3/2
µ −2(4n+1)(u2 +1)+ 8µ√n
)
u31 +
v3(−16(15(n−1)n+4)µ2−12√n(6n2+n−1)µ+3n(n(12n−7)+1))u31
24
√
nµ +
v(16(3n−1)(u2+1)µ2+4
√
n(2n(3−(3n−1)u2(u2+2))+3)µ−3n(4n−1)(u2+1))u31
8
√
nµ +
3v2(64(1−3n)µ3+16√n(3n−1)(4n+1)(u2+1)µ2+4n(4(1−3n)u2n+2n−1)µ+n3/2(u2+1))u31
64
√
nµ2 +
3
4 v
(
u2(u2+2)n3/2
µ −2(4n+1)(u2 +1)+ 8µ√n
)
u21 +(
3
2 nu2(u2 +2)− 3(u2+1)µ√n
)
u21 −
(3n−1)v3(u2n2−(4n+1)(u2+1)µ
√
n+4µ2)u21
2
√
nµ +
v4(−16(15(n−1)n+4)µ2−4√n(6n2+n−1)µ+n(n(12n−7)+1))u21
32
√
nµ +
3v2(16(3n−1)(u2+1)µ2+4
√
n(−6u2(u2+2)n2+2(u2+1)2n+1)µ−n(4n−1)(u2+1))u21
16
√
nµ −
(15(n−1)n+4)v5µu1
5
√
n +
(3n−1)v3(2(u2+1)µ−n3/2u2(u2+2))u1√
n +(
3nu2(u2 +2)v− 6(u2+1)vµ√n
)
u1− (3n−1)v
4(u2n2−(4n+1)(u2+1)µ
√
n+4µ2)u1
8
√
nµ +
3v2(u2(u2+2)n2−2(4n+1)(u2+1)µ
√
n+8µ2)u1
8
√
nµ +
3
2 nu2(u2 + 2)v
2− 3(u2+1)v2µ√n −
(3n−1)v4(n3/2u2(u2+2)−2(u2+1)µ)
4
√
n ,
g(u,v) = u
4
1v(−3n3/2+64µ3(3n−1)−2µ2
√
n(n(15n+28)−13)+6µ(1−3n)n)
32µ2
√
n +
3u21v
2(3n2(u2+1)−4µ(3n+2)
√
n+4µ2(−3n(4u2+3)+4u2+2))
16µ
√
n +
1
20
(
1−5n2)v5 −
u31v
2(3n3/2+36µn2+192µ3(1−3n)+2µ2√n(n(65n+84)−43))
64µ2
√
n
+ 1320 u
5
1
(
− 15nµ2 +
20
√
n(2−3n)
µ +
160µ(3n−1)√
n −5n(11n+28)+61
)
+
u41(−4µ
√
n(3n+4)+2µ2(−3n(4u2+3)+4u2+2)+n(3n−2)(u2+1))
16µ
√
n +
u31
(
− 3µ√n +
3
√
n
8µ +
3
8 n(2u2 +1)+u2 +1
)
+
u31v(−36µ
√
n(n+1)+8µ2(−3n(4u2+3)+4u2+2)+3n(3n−1)(u2+1))
16µ
√
n +
3
8 u
2
1
(
−
√
n(u2+1)
µ +
4(µ+2µu2)√
n +4
)
+
3
8 u
2
1v
(√
n
µ − 16µ√n +6nu2 +4n+6u2 +6
)
− u
2
1v
3(32µ2(1−3n)+µ√n(7n(5n+4)−17)+n(3n+1))
16µ
√
n +v
4
(
µ(3n(4u1−4u2−3)−4u1+4u2+2)
8
√
n − 164 (n(75n+28)−25)u1
)
+
u1v3(−4µ
√
n(3n+1)+8µ2(−3n(4u2+3)+4u2+2)+n(3n+1)(u2+1))
16µ
√
n +
3
8 u1v
2
(
− 8µ√n +6nu2 +5n+4u2 +4
)
+ 38 u1v
(
−
√
n(u2+1)
µ +
8(µ+2µu2)√
n +4
)
+ 14 (3n +
1)(u2 +1)v3 +
3µ(2u2+1)v2
2
√
n − 3u1u22 − 3u2v2 .
According to Theorem 1, there exists a 2-dimensional
invariant local center manifold W c (0) of (276), W c (0) ={
(u,v) ∈ R2×R : v = h(u)}, satisfying h(0)= 0, Dh(0)=
0, |u| < δ for δ sufficiently small. The restriction of (276)
to the center manifold is
du
dN
= f(u,h(u)) , (277)
where the function h(u) that defines the local center mani-
fold satisfies (A.10):
Dh(u) · f(u,h(u))+ 3
2
h(u)−g(u,h(u)) = 0. (278)
According to Theorem 3, the system (278) can be solved
approximately by expanding h(u) in Taylor series at u = 0,
We propose the ansatz
h(u1,u2) = a1u21+a10u1u
2
2+a11u
2
1u
2
2+a12u
3
1u
2
2+a13u
3
2
+a14u1u32+a15u
2
1u
3
2+a16u
4
2+a17u1u
4
2+a18u
5
2+a2u
3
1
+a3u41+a4u
5
1+a5u1u2+a6u
2
1u2+a7u
3
1u2+a8u
4
1u2
+a9u22+O(|u|6) (279)
By comparing the coefficients of the equal powers of u1,u2
we find the non-null coefficients
a1 =
µ√
n −
√
n
4µ +1,a2 =
6µ2
n +
1
16
(
1
µ2 +4
)
n+ 3µ√n −
√
n
4µ − 112 ,
a3 =
3648µ6−16µ3n3/2(5n+9)+4µn5/2−n3−12µ2(n−2)n2+1920µ5√n+48µ4n(3n−8)
64µ3n3/2
,
a4 =
542208µ8−192µ5n3/2(59n+200)+48µ3n5/2(15n+26)−12µn7/2+3n4+8µ4n3(13n−1050)+24µ2n3(3n−7)+306432µ7√n+192µ6n(121n−327)
768µ4n2 +
3121
480 ,a5 =−1,a6 =− 3µ√n +
√
n
4µ −2,a7 = 116
(
− 480µ2n +
(
20− 1µ2
)
n− 192µ√n +
8
√
n
µ +4
)
,a8 =− 399µ
3
n3/2
+ n
3/2
64µ3 −
180µ2
n − n8µ2 +
µ(59n+120)
4
√
n −
3
√
n(5n+6)
16µ + 15n+ 9,a10 = 1,a11 =
6µ√
n −
√
n
4µ + 3,a12 =
1
16
(
1440µ2
n +
(
1
µ2 −120
)
n+ 480µ√n −
12
√
n
µ −8
)
,a14 =
39
−1,a15 = n−40µ
2
4µ
√
n −4,a17 = 1.
Therefore,
h(u1,u2) = u41u2
(
− 399µ3
n3/2
+ n
3/2
64µ3 −
180µ2
n − n8µ2 +
µ(59n+120)
4
√
n −
3
√
n(5n+6)
16µ +15n+9
)
+
u41(3648µ
6−16µ3n3/2(5n+9)+4µn5/2−n3−12µ2(n−2)n2+1920µ5√n+48µ4n(3n−8))
64µ3n3/2
+u51
(
542208µ8−192µ5n3/2(59n+200)+48µ3n5/2(15n+26)−12µn7/2+3n4+8µ4n3(13n−1050)+24µ2n3(3n−7)+306432µ7√n+192µ6n(121n−327)
768µ4n2 +
3121
480
)
+
u31
(
6µ2
n +
1
16
(
1
µ2 +4
)
n+ 3µ√n −
√
n
4µ − 112
)
+ 116 u
3
1u
2
2
(
1440µ2
n +
(
1
µ2 −120
)
n+ 480µ√n −
12
√
n
µ −8
)
+
1
16 u
3
1u2
(
− 480µ2n +
(
20− 1µ2
)
n− 192µ√n +
8
√
n
µ +4
)
+ u21
(
µ√
n −
√
n
4µ +1
)
+ u21u
3
2
(
n−40µ2
4µ
√
n −4
)
+ u21u
2
2
(
6µ√
n −
√
n
4µ +3
)
+
u21u2
(
− 3µ√n +
√
n
4µ −2
)
+u1u42−u1u32+u1u22−u1u2.
Finally, the center manifold can be expressed as
θ = − 23134208T 5µ9
n9/2
+ 57835520T
4µ9
n9/2
− 57835520T 3µ9
n9/2
+ 28917760T
2µ9
n9/2
− 7229440Tµ9
n9/2
+ 722944µ
9
n9/2
− 991232T 5µ7
n5/2
+ 5627904T
5µ7
n7/2
−
1634304QT 4µ7
n7/2
+ 2478080T
4µ7
n5/2
− 12201984T 4µ7
n7/2
+ 3268608QT
3µ7
n7/2
− 2478080T 3µ7
n5/2
+ 10334208T
3µ7
n7/2
− 2451456QT 2µ7
n7/2
+ 1239040T
2µ7
n5/2
−
4233216T 2µ7
n7/2
− 102144Qµ7
n7/2
+ 817152QTµ
7
n7/2
− 309760Tµ7
n5/2
+ 824832Tµ
7
n7/2
+ 30976µ
7
n5/2
− 59136µ7
n7/2
− 13312T 5µ53√n +
112640T 5µ5
n3/2
− 5899264T 5µ5
15n5/2
+
60416QT 4µ5
n3/2
+ 245760QT
4µ5
n5/2
+ 33280T
4µ5
3
√
n −
332800T 4µ5
n3/2
+ 2064896T
4µ5
3n5/2
− 46080Q2T 3µ5
n5/2
− 120832QT 3µ5
n3/2
− 384000QT 3µ5
n5/2
− 33280T 3µ53√n +
384000T 3µ5
n3/2
− 1373696T 3µ5
3n5/2
+ 5760Q
2µ5
n5/2
+ 69120Q
2T 2µ5
n5/2
+ 90624QT
2µ5
n3/2
+ 207360QT
2µ5
n5/2
+ 16640T
2µ5
3
√
n −
217600T 2µ5
n3/2
+ 438016T
2µ5
3n5/2
+
3776Qµ5
n3/2
+ 1920Qµ
5
n5/2
− 34560Q2Tµ5
n5/2
− 30208QTµ5
n3/2
− 42240QTµ5
n5/2
− 4160Tµ53√n +
60800Tµ5
n3/2
− 71488Tµ5
3n5/2
+ 416µ
5
3
√
n −
6720µ5
n3/2
+ 28832µ
5
15n5/2
−
3072T 5µ3√
n +
9216T 5µ3
n3/2
− 3840QT 4µ3√n −
7680QT 4µ3
n3/2
+ 10752T
4µ3√
n −
12800T 4µ3
n3/2
− 160Q3µ3
n3/2
+ 3840Q
2T 3µ3√
n +
3328Q2T 3µ3
n3/2
− 640QT 3µ3√n +
7040QT 3µ3
n3/2
− 9472T 3µ3√n +
24320T 3µ3
3n3/2
− 480Q2µ3√n +
160Q2µ3
n3/2
− 640Q3T 2µ3
n3/2
− 5760Q2T 2µ3√n −
2688Q2T 2µ3
n3/2
+ 6720QT
2µ3√
n −
1920QT 2µ3
n3/2
+
1920T 2µ3√
n −
3200T 2µ3
n3/2
+ 800Qµ
3√
n −
160Qµ3
n3/2
+ 640Q
3Tµ3
n3/2
+ 2880Q
2Tµ3√
n +
192Q2Tµ3
n3/2
− 4320QTµ3√n +
480QTµ3
n3/2
+ 768Tµ
3√
n +
640Tµ3
n3/2
−
256µ3√
n −
64µ3
3n3/2
− 128T 5µ√n +
4Q4µ√
n +
64QT 4µ√
n +
192T 4µ√
n −
16Q3µ√
n −
32Q2T 3µ√
n −
32QT 3µ√
n −
160T 3µ√
n +
28Q2µ√
n +
16Q3T 2µ√
n −
16Q2T 2µ√
n +
48QT 2µ√
n +
48T 2µ√
n −
24Qµ√
n −
8Q4Tµ√
n +
24Q3Tµ√
n −
40Q2Tµ√
n +
24QTµ√
n −
24Tµ√
n +
12µ√
n .
The dynamics on the center manifold is given by
du1
dN
= u41
(
3µ
(−13µ2−6µ√n+n)
n3/2
+u2
(
3µ
(
65µ2+24µ
√
n−n(4n+3))
n3/2
− 3
2
)
+
3
4
)
+
3u51
(−504µ4+4µn3/2(4n+5)−3n2−260µ3√n+µ2(53−12n)n)
4n2
+u31
(
−3µ (2µ+
√
n)
n
+u22
(
3
4
− 9µ (4µ+
√
n)
n
)
+u2
(
6µ (3µ+
√
n)
n
− 3
4
)
+
3
4
)
+u21
(
− 3µ√
n
+
3µu32√
n
− 3µu
2
2√
n
+
3µu2√
n
)
, (280)
du2
dN
= u41
(3
4
(
−52µ
3
n3/2
+
n3/2
µ
− 24µ
2
n
+
µ(4−8n)√
n
−6n+1
)
+u2
(
195µ3
n3/2
− 9n
3/2
4µ
+
3n2
16µ2
+
3µ2(13n+24)
n
+
3µ(10n−3)√
n
+12n− 3
2
))
+u31
(
u22
(
9n3/2
8µ
− 36µ
2
n
− 3µ(7n+3)√
n
−18n+ 3
4
)
+
3
4
u2
(
−n
3/2
µ
+
24µ2
n
+
8µ(n+1)√
n
+12n−1
)
− 3
(
2µ2+n2+µ
√
n
)
n
+
3
4
)
+u51
(
−6048µ6+48µ3(5−3n)n3/2+18µn7/2−3n4−3120µ5√n+12µ4(53−64n)n
16µ2n2
− 9
4
)
+u21
(
− 3µ√
n
+u32
(
3µ√
n
+6n
)
+u22
(
− 3µ√
n
− 9n
2
)
+u2
(
3µ√
n
+3n
))
. (281)
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For which the origin is unstable (see Figure 12). Using
the Theorem 2, we conclude that the center manifold of ori-
gin for the system (242), (243), and the origin are unstable
(saddle). 
Proof Part (ii):
More general, by introducing the linear transformation
(u1,u2,v) =(
µ(4−8T )√
n
,
µ(4−8T )√
n
+Q−Q∗,θQ∗+ 4µ(2T −1)√
n
)
,
(282)
and taking Taylor series near (u1,u2,v) = (0,0,0), and tak-
ing Taylor series near (u1,u2,v) = (0,0,0) up to fifth order
we obtain the system (233), (234), (235) can be written into
its Jordan canonical form: du1dNdu2
dN
dv
dN
=
 0 0 00 0 0
0 0 − 32 Q∗
 u1u2
v
+
 f ∗1 (u,v)f ∗2 (u,v)
g∗(u,v)
 , (283)
where
f ∗1 (u,v)=
(u1+v)2(3n3/2Q∗3u31+12µnQ
∗2u21(Q∗−u1+u2)−32µ3(Q∗−u1+u2)(6Q∗2−(3n−1)(u1+v)2)+8µ2
√
nQ∗u1((3n−1)(u1+v)2−6Q∗2+6Q∗(u1−u2)))
64µ2
√
nQ∗4 ,
f ∗2 (u,v) = − 3
√
nµu51
2Q∗4 +
µu51
2
√
nQ∗4 −
3n5/2u51
16Q∗2µ +
7n3/2u51
16Q∗2µ −
3
√
nu51
16Q∗2µ +
3n5/2u51
16Q∗4µ −
n3/2u51
16Q∗4µ +
3nu51
64Q∗µ2 +
3n2u51
2Q∗3 −
nu51
8Q∗3 −
u51
8Q∗3 −
3n2u2u41
2Q∗3 +
nu2u41
2Q∗3 +
6n2vu41
Q∗3 −
nvu41
2Q∗3 −
vu41
2Q∗3 +
3
√
nu2µu41
2Q∗4 −
u2µu41
2
√
nQ∗4 −
6
√
nvµu41
Q∗4 +
2vµu41√
nQ∗4 +
3
√
nµu41
2Q∗3 −
µu41
2
√
nQ∗3 −
3n3/2u2u41
4Q∗2µ +
3
√
nu2u41
16Q∗2µ −
3n5/2vu41
4Q∗2µ +
n3/2vu41
Q∗2µ −
3
√
nvu41
8Q∗2µ +
3n5/2vu41
4Q∗4µ −
n3/2vu41
4Q∗4µ −
3n3/2u41
4Q∗µ +
3
√
nu41
16Q∗µ −
3n2u41
4Q∗2 +
7nu41
4Q∗2 +
3u41
4Q∗2 +
3nvu41
32Q∗µ2 +
3n2u41
4Q∗4 −
nu41
4Q∗4 +
9n2v2u31
Q∗3 −
3nv2u31
4Q∗3 −
3v2u31
4Q∗3 −
3nu2u31
Q∗2 −
3u2u31
4Q∗2 −
6n2u2vu31
Q∗3 +
2nu2vu31
Q∗3 −
3n2vu31
Q∗2 +
4nvu31
Q∗2 +
3vu31
2Q∗2 +
3n2vu31
Q∗4 −
nvu31
Q∗4 −
9
√
nv2µu31
Q∗4 +
3v2µu31√
nQ∗4 +
6
√
nu2vµu31
Q∗4 −
2u2vµu31√
nQ∗4 +
6
√
nvµu31
Q∗3 −
2vµu31√
nQ∗3 +
3µu31√
nQ∗2 −
3nu31
Q∗ −
3u31
4Q∗ +
3n3/2u22u
3
1
8Q∗2µ −
9n5/2v2u31
8Q∗2µ +
3n3/2v2u31
4Q∗2µ −
3
√
nv2u31
16Q∗2µ +
9n5/2v2u31
8Q∗4µ −
3n3/2v2u31
8Q∗4µ +
3n3/2u31
8µ +
3n3/2u2u31
4Q∗µ −
3n3/2u2vu31
2Q∗2µ +
3
√
nu2vu31
8Q∗2µ −
3n3/2vu31
2Q∗µ +
3
√
nvu31
8Q∗µ −
3n3/2u31
8Q∗2µ +
3nv2u31
64Q∗µ2 +
6n2v3u21
Q∗3 −
nv3u21
2Q∗3 −
v3u21
2Q∗3 +
3nu22u
2
1
2Q∗2 −
9n2u2v2u21
Q∗3 +
3nu2v2u21
Q∗3 −
9n2v2u21
2Q∗2 +
3nv2u21
Q∗2 +
3v2u21
4Q∗2 +
9n2v2u21
2Q∗4 −
3nv2u21
2Q∗4 +
3nu21
2 +
3nu2u21
Q∗ −
6nu2vu21
Q∗2 −
3u2vu21
2Q∗2 −
6nvu21
Q∗ −
3vu21
2Q∗ −
6
√
nv3µu21
Q∗4 +
2v3µu21√
nQ∗4 +
9
√
nu2v2µu21
Q∗4 −
3u2v2µu21√
nQ∗4 +
9
√
nv2µu21
Q∗3 −
3v2µu21√
nQ∗3 −
3u2µu21√
nQ∗2 +
6vµu21√
nQ∗2 −
3µu21√
nQ∗ −
3n5/2v3u21
4Q∗2µ +
n3/2v3u21
4Q∗2µ +
3n5/2v3u21
4Q∗4µ −
n3/2v3u21
4Q∗4µ −
3n3/2u2v2u21
4Q∗2µ +
3
√
nu2v2u21
16Q∗2µ −
3n3/2v2u21
4Q∗µ +
3
√
nv2u21
16Q∗µ +
3n3/2u22vu
2
1
4Q∗2µ +
3n3/2vu21
4µ +
3n3/2u2vu21
2Q∗µ −
3n3/2vu21
4Q∗2µ −
3nu21
2Q∗2 +
3n2v4u1
2Q∗3 −
nv4u1
8Q∗3 −
v4u1
8Q∗3 −
6n2u2v3u1
Q∗3 +
2nu2v3u1
Q∗3 −
3n2v3u1
Q∗2 +
nv3u1
Q∗2 +
3n2v3u1
Q∗4 −
nv3u1
Q∗4 −
3nu2v2u1
Q∗2 −
3u2v2u1
4Q∗2 −
3nv2u1
Q∗ − 3v
2u1
4Q∗ +
3nu22vu1
Q∗2 + 3nvu1 +
6nu2vu1
Q∗ − 3nvu1Q∗2 −
3
√
nv4µu1
2Q∗4 +
v4µu1
2
√
nQ∗4 +
6
√
nu2v3µu1
Q∗4 −
2u2v3µu1√
nQ∗4 +
6
√
nv3µu1
Q∗3 −
2v3µu1√
nQ∗3 +
3v2µu1√
nQ∗2 −
6u2vµu1√
nQ∗2 −
6vµu1√
nQ∗ − 3n
5/2v4u1
16Q∗2µ +
n3/2v4u1
16Q∗2µ +
3n5/2v4u1
16Q∗4µ −
n3/2v4u1
16Q∗4µ +
3n3/2u22v
2u1
8Q∗2µ +
3n3/2v2u1
8µ +
3n3/2u2v2u1
4Q∗µ − 3n
3/2v2u1
8Q∗2µ −
3n2u2v4
2Q∗3 +
nu2v4
2Q∗3 −
3n2v4
4Q∗2 +
nv4
4Q∗2 +
3n2v4
4Q∗4 −
nv4
4Q∗4 +
3nu22v
2
2Q∗2 +
3nv2
2 +
3nu2v2
Q∗ − 3nv
2
2Q∗2 +
3
√
nu2v4µ
2Q∗4 −
u2v4µ
2
√
nQ∗4 +
3
√
nv4µ
2Q∗3 −
v4µ
2
√
nQ∗3 −
3u2v2µ√
nQ∗2 −
3v2µ√
nQ∗ ,
g∗(u,v) = 3
√
nµu51
2Q∗4 −
µu51
2
√
nQ∗4 −
3n3/2u51
16Q∗2µ +
√
nu51
8Q∗2µ −
3nu51
64Q∗µ2 −
11n2u51
64Q∗3 −
7nu51
16Q∗3 +
61u51
320Q∗3 −
15n2vu41
16Q∗3 −
7nvu41
4Q∗3 +
13vu41
16Q∗3 −
3
√
nu2µu41
2Q∗4 +
u2µu41
2
√
nQ∗4 +
6
√
nvµu41
Q∗4 −
2vµu41√
nQ∗4 −
9
√
nµu41
8Q∗3 +
µu41
4
√
nQ∗3 +
3n3/2u2u41
16Q∗2µ −
√
nu2u41
8Q∗2µ −
9n3/2vu41
16Q∗2µ +
3
√
nvu41
16Q∗2µ +
3n3/2u41
16Q∗µ −
√
nu41
8Q∗µ −
3nu41
4Q∗2 −
u41
Q∗2 −
3nvu41
32Q∗µ2 −
65n2v2u31
32Q∗3 −
21nv2u31
8Q∗3 +
43v2u31
32Q∗3 +
3nu2u31
4Q∗2 +
u2u31
Q∗2 −
9nvu31
4Q∗2 −
9vu31
4Q∗2 +
9
√
nv2µu31
Q∗4 −
3v2µu31√
nQ∗4 −
6
√
nu2vµu31
Q∗4 +
2u2vµu31√
nQ∗4 −
9
√
nvµu31
2Q∗3 +
vµu31√
nQ∗3 −
3µu31√
nQ∗2 +
3nu31
8Q∗ +
u31
Q∗ −
9n3/2v2u31
16Q∗2µ +
9n3/2u2vu31
16Q∗2µ −
3
√
nu2vu31
16Q∗2µ +
9n3/2vu31
16Q∗µ −
3
√
nvu31
16Q∗µ +
3
√
nu31
8µ −
3nv2u31
64Q∗µ2 −
35n2v3u21
16Q∗3 −
7nv3u21
4Q∗3 +
17v3u21
16Q∗3 −
9nv2u21
4Q∗2 −
3v2u21
2Q∗2 +
9nu2vu21
4Q∗2 +
9u2vu21
4Q∗2 +
3nvu21
2Q∗ +
9vu21
4Q∗ +
6
√
nv3µu21
Q∗4 −
2v3µu21√
nQ∗4 −
9
√
nu2v2µu21
Q∗4 +
3u2v2µu21√
nQ∗4 −
27
√
nv2µu21
4Q∗3 +
3v2µu21
2
√
nQ∗3 +
3u2µu21√
nQ∗2 −
6vµu21√
nQ∗2 +
3µu21
2
√
nQ∗ −
3n3/2v3u21
16Q∗2µ −
√
nv3u21
16Q∗2µ +
9n3/2u2v2u21
16Q∗2µ +
9n3/2v2u21
16Q∗µ −
3
√
nQ∗u21
8µ −
3
√
nu2u21
8µ +
3
√
nvu21
8µ +
3u21
2 − 75n
2v4u1
64Q∗3 −
7nv4u1
16Q∗3 +
25v4u1
64Q∗3 −
3nv3u1
4Q∗2 −
v3u1
4Q∗2 +
9nu2v2u1
4Q∗2 +
3u2v2u1
2Q∗2 +
15nv2u1
8Q∗ +
3v2u1
2Q∗ − 3u2u12 + 3vu12 + 3
√
nv4µu1
2Q∗4 −
v4µu1
2
√
nQ∗4 −
6
√
nu2v3µu1
Q∗4 +
2u2v3µu1√
nQ∗4 −
9
√
nv3µu1
2Q∗3 +
v3µu1√
nQ∗3 −
3v2µu1√
nQ∗2 +
6u2vµu1√
nQ∗2 +
3vµu1√
nQ∗ +
3n3/2u2v3u1
16Q∗2µ +
√
nu2v3u1
16Q∗2µ +
3n3/2v3u1
16Q∗µ +
√
nv3u1
16Q∗µ − 3
√
nQ∗vu1
8µ − 3
√
nu2vu1
8µ − n
2v5
4Q∗3 +
v5
20Q∗3 +
3nu2v3
4Q∗2 +
u2v3
4Q∗2 +
3nv3
4Q∗ +
v3
4Q∗ − 3u2v2 − 3
√
nu2v4µ
2Q∗4 +
u2v4µ
2
√
nQ∗4 −
9
√
nv4µ
8Q∗3 +
v4µ
4
√
nQ∗3 +
3u2v2µ√
nQ∗2 +
3v2µ
2
√
nQ∗ .
41
By Theorem 1, exists a 2-dimensional local center man-
ifold of (276), W c (0) =
{
(u,v) ∈ R2×R : v = h(u)}, satis-
fying h(0) = 0, Dh(0) = 0, |u|< δ for δ sufficiently small.
The restriction of (283) to the center manifold is
du
dN = f(u,h(u)), where the function h(u) that satisfies (A.10):
Dh(u) · f(u,h(u))+ 3
2
Q∗h(u)−g(u,h(u)) = 0. (284)
Replacing (241) in (284) we find the non-null coefficients
a1 =
µ√
n+Q
∗
Q∗2 −
√
n
4µ ,a2 =
6µ2
nQ∗4 +
3µ√
nQ∗3 +
1
16 n
(
1
µ2 +
4(5Q∗2−4)
Q∗4
)
−
√
n
4µQ∗ − 112Q∗2 ,
a3 =
3648µ6+4µn5/2Q∗5+16µ3n3/2Q∗(3(5n−3)Q∗2−20n)−n3Q∗6+12µ2n2Q∗2(n(4−5Q∗2)+2Q∗2)+16µ4n((61n−24)Q∗2−52n)+1920µ5√nQ∗
64µ3n3/2Q∗6 ,
a4 = − n3/264µ3Q∗ + n
2
256µ4 +
−201µ2+ 706µ4
n2
+7n2
Q∗8 +
(19−55n)n2+µ2(925n−327)
4nQ∗6 +
5(3n2+µ2(61n−40))
4µ
√
nQ∗5 +
399µ3−91µn2
n3/2Q∗7 +
5n
((
661− 36
µ2
)
n−1506
)
+3121
480Q∗4 +
(26−45n)√n
16µQ∗3 +
(15n−7)n
32µ2Q∗2 , a5 = −
1
Q∗ ,a6 =
− 12µ√n +
√
nQ∗2
µ −8Q∗
4Q∗3 ,a7 =
−
480µ2
n − 8
√
nQ∗3
µ +n
(
Q∗4
µ2
+60Q∗2−80
)
+ 192µQ
∗√
n −4Q∗
2
16Q∗5 ,
a8 =
−25536µ6−8µn5/2Q∗5+192µ3n3/2Q∗(3Q∗2−5n(Q∗2−2))+n3Q∗6+12µ2n2Q∗2(3(5n−2)Q∗2−20n)+16µ4n(5(24−61n)Q∗2+364n)−11520µ5√nQ∗
64µ3n3/2Q∗7 ,
a10 = 1Q∗2 ,a11 =
6µ√
nQ∗4 −
√
n
4µQ∗2 +
3
Q∗3 ,a12 =
1440µ2
n +
nQ∗4
µ2
− 12
√
nQ∗3
µ +120n(Q
∗2−2)+ 480µQ
∗√
n −8Q∗
2
16Q∗6 , a14 = −
1
Q∗3 ,a15 =
− 40µ√n +
√
nQ∗2
µ −16Q∗
4Q∗5 ,a17 =
1
Q∗4 .
Therefore,
h(u1,u2) =
706µ4u51
n2Q∗8 +
399µ3u51
n3/2Q∗7 −
327µ2u51
4nQ∗6 +
925µ2u51
4Q∗6 −
201µ2u51
Q∗8 +
305
√
nµu51
4Q∗5 −
50µu51√
nQ∗5 −
91
√
nµu51
Q∗7 −
45n3/2u51
16Q∗3µ +
13
√
nu51
8Q∗3µ +
15n3/2u51
4Q∗5µ +
15n2u51
32Q∗2µ2 −
7nu51
32Q∗2µ2 −
3n2u51
8Q∗4µ2 −
n3/2u51
64Q∗µ3 +
661n2u51
96Q∗4 −
251nu51
16Q∗4 +
3121u51
480Q∗4 +
n2u51
256µ4 −
55n2u51
4Q∗6 +
19nu51
4Q∗6 +
7n2u51
Q∗8 −
399u2µ3u41
n3/2Q∗7 +
57µ3u41
n3/2Q∗6 −
180u2µ2u41
nQ∗6 +
30µ2u41
nQ∗5 −
15nu2u41
Q∗4 +
9u2u41
Q∗4 +
30nu2u41
Q∗6 −
305
√
nu2µu41
4Q∗5 +
30u2µu41√
nQ∗5 +
91
√
nu2µu41
Q∗7 +
61
√
nµu41
4Q∗4 −
6µu41√
nQ∗4 −
13
√
nµu41
Q∗6 +
45n3/2u2u41
16Q∗3µ −
9
√
nu2u41
8Q∗3µ −
15n3/2u2u41
4Q∗5µ −
15n3/2u41
16Q∗2µ +
3
√
nu41
8Q∗2µ +
3n3/2u41
4Q∗4µ −
nu2u41
8Q∗2µ2 +
nu41
16Q∗µ2 +
15nu41
4Q∗3 −
9u41
4Q∗3 −
n3/2u41
64µ3 +
n3/2u2u41
64Q∗µ3 −
5nu41
Q∗5 +
15nu22u
3
1
2Q∗4 −
u22u
3
1
2Q∗4 −
15nu22u
3
1
Q∗6 +
90u22µ
2u31
nQ∗6 −
30u2µ2u31
nQ∗5 +
6µ2u31
nQ∗4 −
15nu2u31
4Q∗3 +
u2u31
4Q∗3 +
5nu2u31
Q∗5 +
30u22µu
3
1√
nQ∗5 −
12u2µu31√
nQ∗4 +
3µu31√
nQ∗3 −
3
√
nu22u
3
1
4Q∗3µ +
√
nu2u31
2Q∗2µ −√
nu31
4Q∗µ +
5nu31
4Q∗2 −
u31
12Q∗2 +
nu22u
3
1
16Q∗2µ2 +
nu31
16µ2 −
nu2u31
16Q∗µ2 −
nu31
Q∗4 −
4u32u
2
1
Q∗4 +
3u22u
2
1
Q∗3 −
2u2u21
Q∗2 −
10u32µu
2
1√
nQ∗5 +
6u22µu
2
1√
nQ∗4 −
3u2µu21√
nQ∗3 +
µu21√
nQ∗2 +
u21
Q∗ +√
nu32u
2
1
4Q∗3µ −
√
nu22u
2
1
4Q∗2µ +
√
nu2u21
4Q∗µ −
√
nu21
4µ +
u42u1
Q∗4 −
u32u1
Q∗3 +
u22u1
Q∗2 −
u2u1
Q∗ .
Finally, the center manifold can be expressed as
θ = − 23134208T 5µ9
n9/2Q∗9 +
57835520T 4µ9
n9/2Q∗9 −
57835520T 3µ9
n9/2Q∗9 +
28917760T 2µ9
n9/2Q∗9 −
7229440Tµ9
n9/2Q∗9 +
722944µ9
n9/2Q∗9 −
7577600T 5µ7
n5/2Q∗7 +
5627904T 5µ7
n7/2Q∗7 +
6586368T 5µ7
n5/2Q∗9 +
18944000T 4µ7
n5/2Q∗7 −
12201984T 4µ7
n7/2Q∗7 −
1634304QT 4µ7
n7/2Q∗8 −
16465920T 4µ7
n5/2Q∗9 −
18944000T 3µ7
n5/2Q∗7 +
10334208T 3µ7
n7/2Q∗7 +
3268608QT 3µ7
n7/2Q∗8 +
16465920T 3µ7
n5/2Q∗9 +
9472000T 2µ7
n5/2Q∗7 −
4233216T 2µ7
n7/2Q∗7 −
2451456QT 2µ7
n7/2Q∗8 −
8232960T 2µ7
n5/2Q∗9 −
2368000Tµ7
n5/2Q∗7 +
824832Tµ7
n7/2Q∗7 +
817152QTµ7
n7/2Q∗8 +
2058240Tµ7
n5/2Q∗9 +
236800µ7
n5/2Q∗7 −
59136µ7
n7/2Q∗7 −
102144Qµ7
n7/2Q∗8 −
205824µ7
n5/2Q∗9 −
676864T 5µ5
3
√
nQ∗5 +
759808T 5µ5
n3/2Q∗5 −
5899264T 5µ5
15n5/2Q∗5 +
450560T 5µ5√
nQ∗7 −
647168T 5µ5
n3/2Q∗7 −
229376T 5µ5√
nQ∗9 +
1692160T 4µ5
3
√
nQ∗5 −
1524736T 4µ5
n3/2Q∗5 +
2064896T 4µ5
3n5/2Q∗5 −
312320QT 4µ5
n3/2Q∗6 +
245760QT 4µ5
n5/2Q∗6 −
1126400T 4µ5√
nQ∗7 +
1191936T 4µ5
n3/2Q∗7 +
372736QT 4µ5
n3/2Q∗8 +
573440T 4µ5√
nQ∗9 −
1692160T 3µ5
3
√
nQ∗5 +
1149952T 3µ5
n3/2Q∗5 −
1373696T 3µ5
3n5/2Q∗5 +
624640QT 3µ5
n3/2Q∗6 −
384000QT 3µ5
n5/2Q∗6 −
46080Q2T 3µ5
n5/2Q∗7 +
1126400T 3µ5√
nQ∗7 −
765952T 3µ5
n3/2Q∗7 −
745472QT 3µ5
n3/2Q∗8 −
573440T 3µ5√
nQ∗9 +
846080T 2µ5
3
√
nQ∗5 −
387584T 2µ5
n3/2Q∗5 +
438016T 2µ5
3n5/2Q∗5 −
468480QT 2µ5
n3/2Q∗6 +
207360QT 2µ5
n5/2Q∗6 +
69120Q2T 2µ5
n5/2Q∗7 −
563200T 2µ5√
nQ∗7 +
169984T 2µ5
n3/2Q∗7 +
559104QT 2µ5
n3/2Q∗8 +
286720T 2µ5√
nQ∗9 −
211520Tµ5
3
√
nQ∗5 +
50048Tµ5
n3/2Q∗5 −
71488Tµ5
3n5/2Q∗5 +
156160QTµ5
n3/2Q∗6 −
42240QTµ5
n5/2Q∗6 −
34560Q2Tµ5
n5/2Q∗7 +
140800Tµ5√
nQ∗7 +
10752Tµ5
n3/2Q∗7 −
186368QTµ5
n3/2Q∗8 −
71680Tµ5√
nQ∗9 +
21152µ5
3
√
nQ∗5 −
320µ5
n3/2Q∗5 +
28832µ5
15n5/2Q∗5 −
19520Qµ5
n3/2Q∗6 +
1920Qµ5
n5/2Q∗6 +
5760Q2µ5
n5/2Q∗7 −
14080µ5√
nQ∗7 −
6400µ5
n3/2Q∗7 +
23296Qµ5
n3/2Q∗8 +
7168µ5√
nQ∗9 −
15360T 5µ3√
nQ∗3 +
9216T 5µ3
n3/2Q∗3 +
12288T 5µ3√
nQ∗5 +
23040T 4µ3√
nQ∗3 −
12800T 4µ3
n3/2Q∗3 +
11520QT 4µ3√
nQ∗4 −
7680QT 4µ3
n3/2Q∗4 −
12288T 4µ3√
nQ∗5 −
15360QT 4µ3√
nQ∗6 −
14080T 3µ3√
nQ∗3 +
24320T 3µ3
3n3/2Q∗3 −
13440QT 3µ3√
nQ∗4 +
7040QT 3µ3
n3/2Q∗4 −
3840Q2T 3µ3√
nQ∗5 +
3328Q2T 3µ3
n3/2Q∗5 +
4608T 3µ3√
nQ∗5 +
42
12800QT 3µ3√
nQ∗6 +
7680Q2T 3µ3√
nQ∗7 +
5760T 2µ3√
nQ∗3 −
3200T 2µ3
n3/2Q∗3 +
2880QT 2µ3√
nQ∗4 −
1920QT 2µ3
n3/2Q∗4 +
5760Q2T 2µ3√
nQ∗5 −
2688Q2T 2µ3
n3/2Q∗5 −
3840T 2µ3√
nQ∗5 −
640Q3T 2µ3
n3/2Q∗6 +
3840QT 2µ3√
nQ∗6 −
11520Q2T 2µ3√
nQ∗7 −
1920Tµ3√
nQ∗3 +
640Tµ3
n3/2Q∗3 +
1440QTµ3√
nQ∗4 +
480QTµ3
n3/2Q∗4 −
2880Q2Tµ3√
nQ∗5 +
192Q2Tµ3
n3/2Q∗5 +
2688Tµ3√
nQ∗5 +
640Q3Tµ3
n3/2Q∗6 −
5760QTµ3√
nQ∗6 +
5760Q2Tµ3√
nQ∗7 +
320µ3√
nQ∗3 −
64µ3
3n3/2Q∗3 −
480Qµ3√
nQ∗4 −
160Qµ3
n3/2Q∗4 +
480Q2µ3√
nQ∗5 +
160Q2µ3
n3/2Q∗5 −
576µ3√
nQ∗5 −
160Q3µ3
n3/2Q∗6 +
1280Qµ3√
nQ∗6 −
960Q2µ3√
nQ∗7 −
128T 5µ√
nQ∗ +
192T 4µ√
nQ∗ +
64QT 4µ√
nQ∗2 −
160T 3µ√
nQ∗ −
32QT 3µ√
nQ∗2 −
32Q2T 3µ√
nQ∗3 +
48T 2µ√
nQ∗ +
48QT 2µ√
nQ∗2 −
16Q2T 2µ√
nQ∗3 +
16Q3T 2µ√
nQ∗4 −
24Tµ√
nQ∗ +
24QTµ√
nQ∗2 −
40Q2Tµ√
nQ∗3 +
24Q3Tµ√
nQ∗4 −
8Q4Tµ√
nQ∗5 +
12µ√
nQ∗ −
24Qµ√
nQ∗2 +
28Q2µ√
nQ∗3 −
16Q3µ√
nQ∗4 +
4Q4µ√
nQ∗5 .
The dynamics on the center manifold is given by
du1
dN
=−39µ
3u41(Q
∗+5u1−5u2)
n3/2Q∗6
− 378µ
4u51
n2Q∗7
− 3µ
2u31
(
Q∗2
(
(124n−53)u21−96u1u2 +48u22
)−112nu21 +8Q∗4 +24Q∗3(u1−u2))
4nQ∗7
+
3u31
(
Q∗2
(
(6n−3)u21−2u1u2 +u22
)−6nu21 +Q∗4 +Q∗3(u1−u2))
4Q∗5
−
3µu21
(
Q∗3
(
(2n−1)u21−2u1u2 +u22
)
+Q∗2(u1−u2)
(
(6n−5)u21−2u1u2 +u22
)−2nQ∗u21 +10nu21(u2−u1)+Q∗5 +Q∗4(u1−u2))√
nQ∗6
, (285)
du2
dN
=−3n
5/2
(
Q∗2−1)u51
128µ3Q∗2
+µ3
(
3u51
(
63n
(
Q∗2−1)−65Q∗2)
n3/2Q∗8
− 39u
4
1(Q
∗−5u2)
n3/2Q∗6
)
+
3n3/2u41(Q
∗−3u2)
4Q∗4 +
3n3/2u31(−Q∗4+Q∗2−2Q∗u2+3u22)
8Q∗4 −
9n3/2u51
(
4n(Q∗2−1)2−3Q∗4+Q∗2
)
16Q∗6
µ
− 378µ
4u51
n2Q∗7
+
3n2u41(Q
∗3−Q∗+2u2)
32Q∗3 −
3n2u51
16Q∗3
µ2
+
u51
(
72n2 +3(2n+1)(4n−3)Q∗4 +6(1−16n)nQ∗2)
4Q∗7
+
3u41
(
4n2
(
Q∗2−1)(Q∗ (Q∗2−2Q∗u2−1)+6u2)−2nQ∗2 (2Q∗3−4Q∗2u2 +Q∗−4u2)+Q∗4(Q∗−2u2))
4Q∗7
+µ
(u51 (336n2 +3(n(124n−125)+40)Q∗4 +3(101−236n)nQ∗2)
8
√
nQ∗8
+
u41
(
3Q∗2(Q∗−3u2)−6n(Q∗−5u2)
)
√
nQ∗6
− 3u
2
1(Q
∗−u2)
(
Q∗2 +u22
)
√
nQ∗4
+
3u31
(
n
(
Q∗4−2Q∗3u2 +Q∗2
(
3u22−1
)
+4Q∗u2−10u22
)−Q∗2 (Q∗2−2Q∗u2 +3u22))√
nQ∗6
)
+
3u31
(
Q∗2
(
Q∗2−Q∗u2 +u22
)−4n(Q∗2−3Q∗u2 +6u22))
4Q∗5
+µ2
(
3u51
(( 53
n −20
)
Q∗2−44)
4Q∗7
+
3u41
(
13n
(
Q∗
(
Q∗2−4Q∗u2−1
)
+6u2
)−12Q∗2(Q∗−4u2))
2nQ∗7
− 6u
3
1
(
Q∗2−3Q∗u2 +6u22
)
nQ∗5
)
+
3nu21
(
Q∗5−Q∗3 +2Q∗2u2−3Q∗u22 +4u32
)
2Q∗5
. (286)
In the Figure 13 are presented some numerical solutions
of the system (285), (286) for n = 2,4,µ = 12 ,1 and Q
∗ =
±1. The plot illustrates the generic feature that for Q∗ > 0
(respectively, Q∗ < 0), the center manifold is unstable (re-
spectively, stable), but in this case the third eigenvalue is
− 32 Q∗< 0 (respectively,− 32 Q∗> 0). This means the the ori-
gin is a saddle. Using the Theorem 2, we conclude that the
center manifold of origin for the system (242), (243), and
the origin are unstable (saddle). 
6 Case 4: k 6= 0,Λ 6= 0 under the detailed-balance
condition
In this case the autonomous system writes:
dx
dN
=
√
6s
[−x2+(u− z)2+1]+ x[3x2+2(u− z)z−3] ,
(287)
dz
dN
= z
[
3x2+2(u− z)z−2] , (288)
du
dN
= u
[
3x2+2(u− z)z] , (289)
ds
dN
=−2
√
6x f (s). (290)
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Fig. 13 Numerical solutions of the system (285),(286).
where the prime means derivative with respect to lna, de-
fined on the phase space {(x,z,u,s) ∈ R3 : x2− (u− kz)2 ≤
1}. The equilibrium points/curves at the finite region of the
phase space are presented in Table 7, where is shown the
existence and stability conditions. We proceed to the discus-
sion of the more relevant features of them.
– P14(sˆ) : (x,z,u,s) = (1,0,0, sˆ), where f (sˆ) = 0. It is a
source for f ′ (sˆ)< 0, sˆ <
√
3
2 .
– P15(sˆ) : (x,z,s)= (−1,0, sˆ), where f (sˆ)= 0. It is a source
for f ′ (sˆ)> 0, sˆ >−
√
3
2 .
– P16(sˆ) : (x,z,u,s) =
(√
2
3 sˆ,0,0, sˆ
)
, where
f (sˆ) = 0, −
√
3
2 ≤ sˆ≤
√
3
2 . This point is reduced to P16
studied in [36]. It is generically a saddle.
– P016(uc) : (x,z,u,s) = (0,0,uc,0). This point is new, and
it was not found in [36]. It is nonhyperbolic.
– P17,18(sˆ) :
(√
2
3
sˆ ,±
√
1−sˆ2
sˆ ,0, sˆ
)
, where f (sˆ) = 0, −1 ≤
sˆ≤ 1, sˆ 6= 0. It is generically a saddle.
– There are four lines of equilibrium points P19,20(sc) :
(x,z,u,s)= (0,0,±i,sc),sc ∈R and P21,22(sc) : (x,z,u,s)=
(0,±i,0,sc),sc ∈ R which are not considered since they
are complex valued.
7 Beyond the detailed-balance condition
Using the variables (12) the corresponding autonomous sys-
tem is found to be:
dx2
dN
= 2x2
(
3x2+ x2+2x3+3x4−1
)
, (291)
dx3
dN
= 2x3
(
3x2+ x2+2x3+3x4−2
)
, (292)
dx4
dN
= 2x4
(
3x2+ x2+2x3+3x4−3
)
, (293)
dx
dN
= 3x3+(x2+2x3+3x4−3)x+
√
6sy2, (294)
dy
dN
=
(
3x2−
√
6sx+ x2+2x3+3x4
)
y, (295)
ds
dN
=−2
√
6x f (s), (296)
defining a dynamical system in R6.
7.1 Arbitrary potentials
The stability of the hyperbolic equilibrium points is given
by analyzing the signs of the reals parts of the eigenvalues of
the matrix of linear perturbations Q evaluated at each equi-
librium point. The results are shown in Table 8. The equilib-
rium points/curves at the finite region of the phase space are
the following:
– P23(sˆ) : (x2,x3,x4,x,y,s) =
(
0,0,1− x2c ,xc,0, sˆ
)
. Exists
for sˆ such that f (sˆ)= 0. The eigenvalues are 6,0,2,4,3−√
6sˆxc,−2
√
6xc f ′ (sˆ).
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Table 7 Case 4: Equilibrium points at the finite region of the system (287), (288), (289), (290).
Equil. (x,z,u,s) Existence Eigenvalues Stability
Points
P14(sˆ) (1,0,0, sˆ) f (sˆ) = 0 6−2
√
6sˆ,1,3,−2√6 f ′ (sˆ) nonhyperbolic for
f ′ (sˆ) = 0, or sˆ =
√
3
2 .
source for f ′ (sˆ)< 0, sˆ <
√
3
2 .
saddle otherwise.
P15(sˆ) (−1,0, sˆ) f (sˆ) = 0 6+2
√
6sˆ,1,3,2
√
6 f ′ (sˆ) nonhyperbolic for
f ′ (sˆ) = 0, or sˆ =−
√
3
2 .
source for f ′ (sˆ)> 0, sˆ >−
√
3
2 .
saddle otherwise.
P16(sˆ)
(√
2
3 sˆ,0,0, sˆ
)
−
√
3
2 ≤ sˆ≤
√
3
2 2sˆ
2−3,2(sˆ2−1) ,2sˆ2,−4sˆ f ′ (sˆ) nonhyperbolic for
f ′ (sˆ) = 0, or
sˆ ∈
{
−
√
3
2 ,−1,0,1,
√
3
2
}
saddle otherwise.
P016(uc) (0,0,uc,0) always −2,0,− 32 ± 12
√
9−48 f (0)(u2c +1) nonhyperbolic.
P17,18(sˆ)
(√
2
3
sˆ ,±
√
1−sˆ2
sˆ ,0, sˆ
)
−1≤ sˆ≤ 1, sˆ 6= 0 2,− 12 ±
√
16sˆ2−15sˆ4
2sˆ2 ,−
4 f ′(sˆ)
sˆ nonhyperbolic for
f ′ (sˆ) = 0, or sˆ ∈ {−1,1}.
saddle otherwise.
– P24,25(sˆ) : (x2,x3,x4,x,y,s) = (0,0,0,±1,0, sˆ). Exists for
sˆ such that f (sˆ) = 0. The eigenvalues are 6,0,2,4,3∓√
6sˆ,∓2√6 f ′ (sˆ).
– P26(yc) : (x2,x3,x4,x,y,s) = (0,0,0,0,yc,0). Always ex-
ists. The eigenvalues are −6,−4,−2,0,
− 12
(
3+
√
9−48 f (0)y2c
)
,− 12
(
3−
√
9−48 f (0)y2c
)
.
– P026 : (x2,x3,x4,x,y,s) = (0,0,0,0,0,0). Always exists.
The eigenvalues are −6,−4,−3,−2,0,0.
– P27,28(sˆ) : (x2,x3,x4,x,y,s) =
(
0,0,0,
√
2
3 sˆ,±
√
1− 2sˆ23 , sˆ
)
.
Exists for sˆ such that f (sˆ) = 0. The eigenvalues are
4sˆ2,2sˆ2−3,2(2sˆ2−3) ,−4(1− sˆ2) ,2(2sˆ2−1) ,−4sˆ f ′ (sˆ).
– P29(sc) : (x2,x3,x4,x,y,s)= (1,0,0,0,0,sc). It always ex-
ists. The eigenvalues are −4,−2,−2,2,1,0.
– P30,31(sˆ) : (x2,x3,x4,x,y,s)=
(
1− 12sˆ2 ,0,0, 1√6sˆ ,±
1√
3sˆ
, sˆ
)
.
Exists for sˆ 6= 0 such that f (sˆ) = 0. The eigenvalues are
−4,−2,2,− sˆ+
√
2−3sˆ2
sˆ ,
√
2−3sˆ2−sˆ
sˆ ,− 2 f
′(sˆ)
sˆ .
– P32(sc) : (x2,x3,x4,x,y,s) = (0,1,0,0,0,sc). Exists for
all sc. The eigenvalues are 4,−2,2,2,−1,0.
– P33,34(sˆ) : (x2,x3,x4,x,y,s)=
(
0,1− 1sˆ2 ,0,
√
2
3
sˆ ,± 1√3sˆ , sˆ
)
.
Exists for sˆ 6= 0 such that f (sˆ) = 0. The eigenvalues are
4,−2,2,− sˆ+
√
16−15sˆ2
2sˆ ,
√
16−15sˆ2−sˆ
2sˆ ,− 4 f
′(sˆ)
sˆ .
– P35(sˆ) : (x2,x3,x4,x,y,s) =
(
0,0,1− 32sˆ2 ,
√
3
2
sˆ ,0, sˆ
)
. Ex-
ists for sˆ such that f (sˆ) = 0. The eigenvalues are
0,0,2,4,6,− 6 f ′(sˆ)sˆ .
Owing to the fact that the dynamical system (291), (292),
(293), (294), (295), (296), is unbounded, we use the compact
variables
X2 =
x2√
1+ r2
, X3 =
x3√
1+ r2
, X4 =
x4√
1+ r2
,
X =
x√
1+ r2
, Y =
y√
1+ r2
, S =
2
pi
arctan(s),
r =
√
x22+ x
2
3+ x
2
4+ x
2+ y2, (297)
and the time rescaling
f ′ =
(
1−X22 −X23 −X24 −X2−Y 2
)
d f/dN, (298)
such that we obtain the system
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Table 8 Equilibrium points at the finite region of the system (291), (292), (293), (294), (295), (296) for arbitrary potentials.
Equil. (x2,x3,x4,x,y,s) Existence Eigenvalues Stability
Points
P23(sˆ)
(
0,0,1− x2c ,xc,0, sˆ
)
f (sˆ) = 0 6,0,2,4,3−√6sˆxc,−2
√
6xc f ′ (sˆ) 5D unstable manifold for
xc f ′ (sˆ)< 0, sˆxc <
√
3
2 .
P24,25(sˆ) (0,0,0,±1,0, sˆ) f (sˆ) = 0 6,0,2,4,3∓
√
6sˆ,∓2√6 f ′ (sˆ) 5D unstable manifold for
± f ′ (sˆ)< 0,±sˆ <
√
3
2 .
P26(yc) (0,0,0,0,yc,0) always −6,−4,−2,0, 5D stable manifold
− 12
(
3+
√
9−48 f (0)y2c
)
,− 12
(
3−
√
9−48 f (0)y2c
)
for f (0)> 0.
P026 (0,0,0,0,0,0) always −6,−4,−3,−2,0,0 4D stable manifold.
P27,28(sˆ)
(
0,0,0,
√
2
3 sˆ,±
√
1− 2sˆ23 , sˆ
)
f (sˆ) = 0 4sˆ2,2sˆ2−3,2(2sˆ2−3), saddle.
−4(1− sˆ2) ,2(2sˆ2−1) ,−4sˆ f ′ (sˆ)
P29(sc) (1,0,0,0,0,sc) always −4,−2,−2,2,1,0 saddle.
P30,31(sˆ)
(
1− 12sˆ2 ,0,0, 1√6sˆ ,±
1√
3sˆ
, sˆ
)
sˆ 6= 0, f (sˆ) = 0 −4,−2,2,− sˆ+
√
2−3sˆ2
sˆ ,
√
2−3sˆ2−sˆ
sˆ ,− 2 f
′(sˆ)
sˆ saddle.
P32(sc) (0,1,0,0,0,sc) all sc 4,−2,2,2,−1,0 saddle.
P33,34(sˆ)
(
0,1− 1sˆ2 ,0,
√
2
3
sˆ ,± 1√3sˆ , sˆ
)
sˆ 6= 0, f (sˆ) = 0 4,−2,2,− sˆ+
√
16−15sˆ2
2sˆ ,
√
16−15sˆ2−sˆ
2sˆ ,− 4 f
′(sˆ)
sˆ saddle.
P35(sˆ)
(
0,0,1− 32sˆ2 ,
√
3
2
sˆ ,0, sˆ
)
f (sˆ) = 0 0,0,2,4,6,− 6 f ′(sˆ)sˆ 4D unstable manifold
for sˆ f ′ (sˆ)< 0.
dX2
dτ
= 3X2X2
(
X2+Y 2
)
+PX2
(
X2+Y 2
)
(X2+2X3+3X4)+P2X2
(
7X2+2X23 +4X
2
4 −2Y 2
)
+2P3X2(X2+2X3+3X4−P), (299)
dX3
dτ
= 3X2X3
(
X2+Y 2
)
+PX3
(
X2+Y 2
)
(X2+2X3+3X4)+P2X3
(
5X2−2X22 +2X24 −4Y 2
)
+2P3X3(X2+2X3+3X4−2P), (300)
dX4
dτ
= 3X2X4
(
X2+Y 2
)
+PX4
(
X2+Y 2
)
(X2+2X3+3X4)+P2X4
(
3X2−2(2X22 +X23 +3Y 2))
+2P3X4(X2+2X3+3X4−3P), (301)
dX
dτ
=−3X3 (X22 +X23 +X24 )+P[−X(X2+2X3+3X4)(X22 +X23 +X24 )+√6Y 2 tan(piS2
)]
+P2X
(
3X2−X22 +X23 +3X24 −3Y 2
)
+P3X(X2+2X3+3X4−3P), (302)
dY
dτ
=−3X2Y (X22 +X23 +X24 )+PY[(−X2−2X3−3X4)(X22 +X23 +X24 )−√6X tan(piS2
)]
+2P2Y
(
3X2+X22 +2X
2
3 +3X
2
4
)
+P3Y (X2+2X3+3X4), (303)
dS
dτ
=−2
√
6PX(cos(piS)+1) f
(
tan
(piS
2
))
pi
, (304)
where P =
√
1−X22 −X23 −X24 −X2−Y 2.
The invariant sets at infinity are the cylinders X = 0,X22 +
X23 +X
2
4 +Y
2 = 1,S ∈ [−1,1] and X2 = X3 = X4 = 0,X2 +
Y 2 = 1,S ∈ [−1,1].
After taking a time rescaling, the dynamics on the invariant
set X2 = X3 = X4 = 0 is given by
dX
dτ
=
√
6Y 2 tan
(
piS
2
)
+3X
(
2X2−1)√1−X2−Y 2,
(305)
dY
dτ
=−XY
(√
6 tan
(
piS
2
)
−6X
√
1−X2−Y 2
)
, (306)
dS
dτ
=−2
√
6X(cos(piS)+1) f
(
tan
(piS
2
))
pi
. (307)
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This invariant set is relevant concerning the future asymp-
totic dynamics. It contains the de Sitter solutions P26(yc),
and some relevant invariant sets at the infinity region.
7.2 Exponential Potential
In this case we obtain the autonomous system (291), (292),
(293), (294), (295), (296) transforms to:
dx2
dN
= 2x2
(
3x2+ x2+2x3+3x4−1
)
, (308)
dx3
dN
= 2x3
(
3x2+ x2+2x3+3x4−2
)
, (309)
dx4
dN
= 2x4
(
3x2+ x2+2x3+3x4−3
)
, (310)
dx
dN
= 3x3+(x2+2x3+3x4−3)x+
√
6sy2, (311)
dy
dN
=
(
3x2−
√
6sx+ x2+2x3+3x4
)
y, (312)
1 = x1+ x2+ x3+ x4+ x2+ y2 (313)
The equilibrium points of the system (308), (309), (310),
(311), (312) and their behavior [36] is summarized as fol-
lows. The point P35 studied in [36] is omitted. It is a special
case of the line P23. The stability of the hyperbolic equilib-
rium points of this system have been extensively studied in
[36]. Now we summarize the previous findings. The unsta-
ble equilibrium points P27,28,P29 correspond to dark matter
domination, and the unstable point P32 corresponds to an un-
physical dark-energy dominated universe, and the unstable
P30,31,P33,34 which have physical wM , wDE but dependent
on the specific dark-matter form. The system admits also
the line of equilibrium points P23, which is nonhyperbolic
with positive non-null eigenvalues, thus unstable, with fur-
thermore unphysical cosmological quantities. Additionally,
points P24,25 are also dark-matter dominated, unstable non-
hyperbolic ones. Due to σ3 has an arbitrary sign, P33,34 could
also correspond to an oscillatory universe, for a wide region
of the parameters σ3 and s. However, this oscillatory behav-
ior has a small probability to be the late-time state of the
universe because it is not stable (with at least two positive
eigenvalues). The scenario at hand admits a final equilib-
rium point, namely P26, representing a de Sitter solution. As
we show in detail in the next section 7.2.1 by using Center
Manifold Theory, it is indeed a locally asymptotically sta-
ble and thus it can be a late-time attractor of HL universe
beyond the detailed-balance.
7.2.1 Stability Analysis of the de Sitter Solution in
Horˇava-Lifshitz cosmology without detailed-balance for
the exponential potential.
In order to analyze the stability of de Sitter solution we can
use center manifold theorem.
Proposition 11 The origin for the system (312) is locally
asymptotically stable.
Proof. Defining (u,v1,v2,v3,v4) := (y,x4,x3,x,x2), the
linear part of the vector field is transformed into its Jordan
canonical form:
du
dτ
dv1
dτ
dv2
dτ
dv3
dτ
dv4
dτ
=

0 0 0 0 0
0 −6 0 0 0
0 0 −4 0 0
0 0 0 −3 0
0 0 0 0 −2


u
v1
v2
v3
v4
+

f (u,v)
g1(u,v)
g2(u,v)
g3(u,v)
g4(u,v)
 ,
(314)
where f (u,v) = u
(
3v1+2v2−
√
6sv3+4v4
)
,
g1(u,v) = 2v1
(
3v23+3v1+2v2+ v4
)
,
g2(u,v) = 2v2
(
3v23+3v1+2v2+ v4
)
,
g3(u,v) =
√
6su2+ v3
(
3v23+3v1+2v2+ v4
)
,
and g4(u,v) = 2v4
(
3v23+3v1+2v2+ v4
)
. The system (314)
is written in diagonal form
du
dτ
=Cu+ f (u,v)
dv
dτ
= Pv+g(u,v) , (315)
where (u,v) ∈ R×R4, C is the zero 1× 1 matrix, P is a
4× 4 matrix with negative eigenvalues and f ,g vanish at 0
and have vanishing derivatives at 0. According to Theorem
1, there exists a 1-dimensional invariant local center mani-
fold W c (0) of (315) tangent to the center subspace (the v= 0
space) at 0. Moreover,
W c (0)=
{
(u,v) ∈ R×R4 : v = h(u) ,h(0) = 0, Dh(0) = 0},
|u| < δ for δ sufficiently small. The restriction of (315) to
the center manifold is dudτ = f (u,h(u)), where the function
h(u) that defines the local center manifold satisfies
Dh(u) [ f (u,h(u))]−Ph(u)−g(u,h(u)) = 0. (316)
The vectorial equation (316) can be written as the system of
ODE
2h1
(
3h1+2h2+3h23+h4−3
)
−uh′1(u)
(
−
√
6sh3+3h1+2h2+3h23+h4
)
= 0, (317)
2h2
(
3h1+2h2+3h23+h4−2
)
−uh′2(u)
(
−
√
6sh3+3h1+2h2+3h23+h4
)
= 0, (318)
√
6su2+h3
(
3h1+2h2+3h23+h4−3
)
−uh′3(u)
(
−
√
6sh3+3h1+2h2+3h23+h4
)
= 0, (319)
2h4
(
3h1+2h2+3h23+h4−1
)
−uh′4(u)
(
−
√
6sh3+3h1+2h2+3h23+h4
)
= 0. (320)
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Fig. 14 (Color online) Compact phase portrait of the system (323), (324), for different choices of the parameter s.
The equation (7.2.1) can be solved approximately by ex-
panding h(u) in Taylor series at u = 0. Due to h(0) = 0 and
Dh(0) = 0, we substitute
h(u) :=

h1 (u)
h2 (u)
h3 (u)
h4 (u)
=

∑10j=1 a ju j+1+O
(
u12
)
∑10j=1 b ju j+1+O
(
u12
)
∑10j=1 c ju j+1+O
(
u12
)
∑10j=1 d ju j+1+O
(
u12
)
 , (321)
into (316) and set the coefficients of like powers of u equal to
zero to find the unknowns a1,b1,c1,d1, .... The non-zero co-
efficients are c1 =
√
2
3 s,c3 =
4
3
√
2
3 s
3,c5 = 23
√
2
3 s
3
(
8s2−1),
c7 = 827
√
2
3 s
5
(
112s2−27),
c9 = 481
√
2
3 s
5
(
5440s4−1872s2+63).
Therefore, the dynamics on the center manifold is gov-
erned by the gradient-like equation
dU
dτ
=−∇U(u), U(u) = s
2u4
2
+
1
9
s2
(
4s2−3)u6
+
4
135
s4
(
224s4−138s2+9)u10+ 1
6
s4
(
8s2−5)u8
+
2
243
s6
(
5440s4−3504s2+423)u12, (322)
for which the origin is a degenerate minimum. Using the
Theorem 2, we conclude that the origin u = 0 of (322) is lo-
cally asymptotically stable. Hence, (0,v) = (0,0) is locally
asymptotically stable. 
As we mentioned before, the relevant invariant set con-
cerning the future asymptotic dynamics is the set X2 = X3 =
X4 = 0 where the dynamics is given by
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dX
dτ
=
√
6Y 2s
√
1−X2−Y 2−3X (2X2−1)(X2+Y 2−1) ,
(323)
dY
dτ
=−XY
(√
6s
√
1−X2−Y 2+6X (X2+Y 2−1)) .
(324)
According the our center manifold calculation the center
manifold of the origin can be approximated by the graph
x2 = x3 = x4 = 0,x=
√
2
3 sy
2+ 43
√
2
3 s
3y4, or, using the com-
pact variables, by
X2 = X3 = X4 = 0,
X
(−X2−Y 2+1)9/2 =√2
3
s
(
X2−1)4 Y 2
− 4
3
√
2
3
s
(
s2−3)(X2−1)3 Y 4
+
2
3
√
2
3
s
(
8s4−7s2+9)(X2−1)2 Y 6
− 4
27
√
2
3
s
(
224s6−126s4+36s2−27
)(
X2−1)Y 8
+
1
81
√
2
3
s
(
2
(
10880s6−5088s4+666s2−81
)
s2+81
)
Y 10.
(325)
This curve is denoted by a solid line in the Figure 14, where
it is presented a compact phase portrait of the system (323),
(324) for different choices of the parameter s. For s = 0 the
line P26(yc) = (0,0,0,0,yc) is the attractor. For s 6= 0 the
attractor is the origin.
We see that for small enough X-value the curve is a
good approximation of the center manifold of the origin.
The advantages of using Center Manifold theory are un-
veiled immediately when the procedure is compared with
the Normal Forms Calculations [110] presented by Leon
and Saridakis in [36]. First it is taken a linear transformation
(x2,x3,x4,x,y)→ (x,x3,x2,x4,y) to transform the linear part
of the system to its real Jordan form: diag(−6,−4,−3,−2,0) .
Taking the quadratic transformation

x2
x3
x4
x
y
→

x2− x2(x+ x2+ x3)
x3− x3(x+ x2+ x3)
x4+
√
2
3 sy
2− 12 (x+ x2+ x3)x4
x− x(x+ x2+ x3)
y− 16
(
3x+3x2+3x3−2
√
6sx4
)
y
 ,
are eliminated the non resonant terms of second order.
Finally, it can be implemented the cubic transformation

x2
x3
x4
x
y
→

x2+ x2
[
(x+ x2+ x3)2− x24
]
x3+ x3
[
(x+ x2+ x3)2− x24
]
x4+ 124
[
−12x34+9(x+ x2+ x3)2x4+96s2y2x4+8
√
6s(x3−2x)y2
]
x+ x
[
(x+ x2+ x3)2− x24
]
y+
y{945x2+42(45x2+45x3−16√6sx4)x+5{189x22+14(27x3−8
√
6sx4)x2+3{63x23−40
√
6sx4x3+28[(2s2−3)x24−12s2y2]}}}
2520
 ,
resulting in the simplified system
dx2
dN
=−6x2+O(4), (326)
dx3
dN
=−4x3+O(4), (327)
dx4
dN
= x4
(−3+4s2y2)+O(4), (328)
dx
dN
=−2x+O(4), (329)
dy
dN
=−2s2y3+O(4), (330)
whereO(4) denotes terms of fourth order in the vector norm.
Therefore, the local center manifold of the origin W cloc(0), is
tangent to the y-axis at the origin and it can be represented
locally up to fourth order as the graph
W cloc =
{
(x2,x3,x4,x,y) ∈ R5 : x2 = x20e−
3
2s2y2 ,x3 = x30e
− 1
s2y2 ,
x4 = x40y−2e
− 1
s2y2 ,x = x0e
− 1
2s2y2 , |y|< ε
}
, (331)
where ε 1. An it follows under the initial condition y(0)=
y0, that y(N) = y0(1+4s2y20N)
−1/2, therefore P26 is the late-
time attractor.
The center manifold, on the other hand, is more econom-
ical in the use of computing resources and one obtains a sys-
tem, say (322), with a reduced dimensionality (1D), when
compared with normal forms (5D). Anyway, one can com-
plement both results to find information about the dynamics
of a model at hand as for example in [111].
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7.3 Powerlaw Potential
The system (291), (292), (293), (294), (295), (296) becomes:
dx2
dN
= 2x2
(
3x2+ x2+2x3+3x4−1
)
, (332)
dx3
dN
= 2x3
(
3x2+ x2+2x3+3x4−2
)
, (333)
dx4
dN
= 2x4
(
3x2+ x2+2x3+3x4−3
)
, (334)
dx
dN
= 3x3+(x2+2x3+3x4−3)x+
√
6sy2, (335)
dy
dN
=
(
3x2−
√
6sx+ x2+2x3+3x4
)
y, (336)
ds
dN
=
√
6
n
xs2, (337)
defining a dynamical system in R6. The equilibrium points
at the finite region and their stability conditions are summa-
rized as follows.
– (x2,x3,x4,x,y,s) = (0,0,0,0,yc,0) with eigenvalues
−6,−4,−3,−2,0,0. Nonhyperbolic with 2D center man-
ifold and 4D stable manifold.
– (x2,x3,x4,x,y,s)=
(
0,0,1− x2c ,xc,0,0
)
with eigenvalues
6,4,3,2,0,0. Nonhyperbolic with 2D center manifold
and 4D unstable manifold.
– (x2,x3,x4,x,y,s) = (0,0,0,0,0,sc). The eigenvalues are
0,0,−6,−4,−3,−2. Nonhyperbolic with 2D center man-
ifold and 4D stable manifold.
– (x2,x3,x4,x,y,s) = (0,0,1,0,0,sc). The eigenvalues are
0,0,2,3,4,6. Nonhyperbolic with 2D center manifold
and 4D unstable manifold.
– (x2,x3,x4,x,y,s) = (0,1,0,0,0,sc). The eigenvalues are
0,−2,−1,2,2,4. Nonhyperbolic. It behaves as a saddle.
– (x2,x3,x4,x,y,s) = (1,0,0,0,0,sc). The eigenvalues are
0,−4,−2,−2,1,2. Nonhyperbolic. It behaves as a sad-
dle.
– (x2,x3,x4,x,y,s)= (0,0,0,−1,0,0). The eigenvalues are
6,4,3,2,0,0. Nonhyperbolic with 2D center manifold
and 4D unstable manifold.
– (x2,x3,x4,x,y,s) = (0,0,0,0,0,0). The eigenvalues are
−6,−4,−3,−2,0,0. Nonhyperbolic with 2D center man-
ifold and 4D stable manifold.
– (x2,x3,x4,x,y,s) = (0,1,0,0,0,0). The eigenvalues are
4,−2,2,2,−1,0. Nonhyperbolic. It behaves as a saddle.
– (x2,x3,x4,x,y,s) = (1,0,0,0,0,0). The eigenvalues are
−4,−2,−2,2,1,0. Nonhyperbolic. It behaves as a sad-
dle.
– (x2,x3,x4,x,y,s) = (0,0,0,1,0,0). The eigenvalues are
6,4,3,2,0,0. Nonhyperbolic with 2D center manifold
and 4D unstable manifold.
Concerning the dynamics on the infinity region of the
phase space, we have found that the relevant asymptotic dy-
namics occurs on the invariant set X2 = X3 = X4 = 0, where
the evolution equations reduced, after taking a time rescal-
ing, to
dX
dτ
=
√
6Y 2 tan
(
piS
2
)
+3X
(
2X2−1)√1−X2−Y 2,
(338)
dY
dτ
=−XY
(√
6 tan
(
piS
2
)
−6X
√
1−X2−Y 2
)
, (339)
dS
dτ
=−
√
6X(cos(piS)−1)
pin
. (340)
Summarizing, we have that the equilibrium points/lines with
the higher dimension of the stable manifold are (0,0,0,0,yc,0),
(0,0,0,0,0,sc) and (0,0,0,0,0,0). We distinguish the three
cases by assuming yc 6= 0,sc 6= 0. For all these solutions
the center manifold is 2D. Therefore, one can be interested
on the stability analysis of the corresponding center mani-
folds, since they might contain the relevant late-time attrac-
tors. On the other hand, we also see that the equilibrium
points/lines with the higher dimension of the unstable mani-
fold are
(
0,0,1− x2c ,xc,0,0
)
, (0,0,1,0,0,sc), (0,0,0,−1,0,0),
and (0,0,0,1,0,0). We distinguish the four cases. As before,
one can be interested on the stability analysis of the corre-
sponding center manifolds, since they might contain the rel-
evant early-time attractors.
To analyze the dynamics on the cylinder at infinity it is
more convenient to use the parametrization
X = sin
(
piθ
2
)
,Y = cos
(
piθ
2
)
,θ ∈ [−1,1] . (341)
We consider only the sector Y ≥ 0 due to the system is in-
variant under the reflection Y →−Y . Therefore, we obtain
the system
dθ
dτ
=
2
√
6cos
(piθ
2
)
tan
(piS
2
)
pi
, (342)
dS
dτ
=−
√
6sin
(piθ
2
)
(cos(piS)−1)
pin
. (343)
In the figure 15 it is shown (a) a compact phase portrait
of (338), (339), (340) for the choice n = 2. (b) Dynamics on
the cylinder at infinity given by Eqs. (342), (343) for some
values of n.
7.4 E-models
The dynamics on the finite region of the phase space is given
by:
dx2
dN
= 2x2
(
3x2+ x2+2x3+3x4−1
)
, (344)
dx3
dN
= 2x3
(
3x2+ x2+2x3+3x4−2
)
, (345)
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Fig. 15 (a) Compact phase portrait of (338), (339), (340) for the choice n = 2. (b) Dynamics on the cylinder at infinity given by Eqs. (342), (343)
for some values of n.
dx4
dN
= 2x4
(
3x2+ x2+2x3+3x4−3
)
, (346)
dx
dN
= 3x3+(x2+2x3+3x4−3)x+
√
6sy2, (347)
dy
dN
=
(
3x2−
√
6sx+ x2+2x3+3x4
)
y, (348)
ds
dN
=
√
6
n
xs(s−
√
6µ), (349)
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Fig. 16 (Color online) (a) Compact phase portrait of (350), (351), (352) for the choice n= 2,µ = 1. (b) Dynamics on the cylinder at infinity given
by Eqs. (354), (355) for some values of n,µ .
defining a dynamical system in R6.
The equilibrium points at the finite region and their sta-
bility conditions are summarized as follows.
– (x2,x3,x4,x,y,s) = (0,0,0,0,yc,0), with eigenvalues
−6,−4,−3,−2,0,0. Nonhyperbolic with 2D center man-
ifold and 4D stable manifold.
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– (x2,x3,x4,x,y,s)=
(
0,0,1− x2c ,xc,0,
√
6µ
)
, with eigen-
values 0,2,4,6, 6xcµn ,3−6xcµ . Nonhyperbolic with a 5D
unstable manifold for 0 < xcµ < 12 . Nonhyperbolic and
behaves as saddle otherwise.
– (x2,x3,x4,x,y,s) =
(
0,0,1− x2c ,xc,0,0
)
, with eigenval-
ues 0,2,3,4,6,− 6xcµn . Nonhyperbolic with a 5D unsta-
ble manifold for xcµ < 0. Nonhyperbolic and behaves
as saddle otherwise.
– (x2,x3,x4,x,y,s) = (0,0,0,0,0,sc), with eigenvalues
0,0,−6,−4,−3,−2. Nonhyperbolic with 2D center man-
ifold and 4D stable manifold.
– (x2,x3,x4,x,y,s) = (0,0,1,0,0,sc), with eigenvalues
0,0,2,3,4,6. Nonhyperbolic with 2D center manifold
and 4D unstable manifold.
– (x2,x3,x4,x,y,s) = (0,1,0,0,0,sc), with eigenvalues
0,−2,−1,2,2,4. Nonhyperbolic, behaves as a Saddle.
– (x2,x3,x4,x,y,s) = (1,0,0,0,0,sc), with eigenvalues
0,−4,−2,−2,1,2. Nonhyperbolic, behaves as a Saddle.
– (x2,x3,x4,x,y,s) =
(
0,0,0,−1,0,√6µ
)
, with eigenval-
ues 0,2,4,6,− 6µn ,6µ+3. Nonhyperbolic with a 5D un-
stable manifold for− 12 < µ < 0. Nonhyperbolic and be-
haves as saddle otherwise.
– (x2,x3,x4,x,y,s)=
(
0,0,0,0,0,
√
6µ
)
, with eigenvalues
−6,−4,−3,−2,0,0. Nonhyperbolic with 2D center man-
ifold and 4D stable manifold.
– (x2,x3,x4,x,y,s)=
(
0,1,0,0,0,
√
6µ
)
, with eigenvalues
4,−2,2,2,−1,0. Nonhyperbolic, behaves as a Saddle.
– (x2,x3,x4,x,y,s)=
(
1,0,0,0,0,
√
6µ
)
, with eigenvalues
−4,−2,−2,2,1,0. Nonhyperbolic, behaves as a Saddle.
– (x2,x3,x4,x,y,s)=
(
0,0,0,1,0,
√
6µ
)
, with eigenvalues
0,2,4,6, 6µn ,3− 6µ . Nonhyperbolic with a 5D unstable
manifold for 0 < µ < 12 . Nonhyperbolic and behaves as
saddle otherwise.
–
(
0,0,1− 14µ2 , 12µ ,0,
√
6µ
)
, with eigenvalues 0,0, 3n ,2,4,6.
Nonhyperbolic with 2D center manifold and 4D unsta-
ble manifold.
– (x2,x3,x4,x,y,s)=
(
1− 112µ2 ,0,0, 16µ ,− 13√2µ ,
√
6µ
)
, with
eigenvalues
−4,−2, 1n ,2,−
√
µ4−9µ6√
3µ3
−1,
√
µ4−9µ6√
3µ3
−1. Saddle.
–
(
0,1− 16µ2 ,0, 13µ ,− 13√2µ ,
√
6µ
)
, with eigenvalues
−2, 2n ,2,4,−
√
8µ4
3 −15µ6
2µ3 − 12 ,
√
8µ4
3 −15µ6
2µ3 − 12 . Saddle.
– (x2,x3,x4,x,y,s)=
(
1− 112µ2 ,0,0, 16µ , 13√2µ ,
√
6µ
)
, with
eigenvalues
−4,−2, 1n ,2,−
√
µ4−9µ6√
3µ3
−1,
√
µ4−9µ6√
3µ3
−1. Saddle.
–
(
0,1− 16µ2 ,0, 13µ , 13√2µ ,
√
6µ
)
, with eigenvalues
−2, 2n ,2,4,−
√
8µ4
3 −15λ 6
2µ3 − 12 ,
√
8µ4
3 −15µ6
2µ3 − 12 . Saddle.
– (x2,x3,x4,x,y,s)=
(
0,0,0,2µ,−
√
1−4µ2,√6µ
)
, with
eigenvalues 12µ
2
n ,24µ
2,24µ2−6,24µ2−4,24µ2−2,12µ2−
3. Saddle.
– (x2,x3,x4,x,y,s) =
(
0,0,0,2µ,
√
1−4µ2,√6µ
)
, with
eigenvalues 12µ
2
n ,24µ
2,24µ2−6,24µ2−4,24µ2−2,12µ2−
3. Saddle.
– (x2,x3,x4,x,y,s) = (0,0,0,−1,0,0), with eigenvalues
0,2,3,4,6, 6µn . Nonhyperbolic with a 5D unstable man-
ifold for µ > 0. Nonhyperbolic and behaves as saddle
otherwise.
– (x2,x3,x4,x,y,s) = (0,0,0,0,0,0), with eigenvalues
−6,−4,−3,−2,0,0. Nonhyperbolic with 2D center man-
ifold and 4D stable manifold.
– (x2,x3,x4,x,y,s) = (0,1,0,0,0,0), with eigenvalues
4,−2,2,2,−1,0. Nonhyperbolic and behaves as saddle.
– (x2,x3,x4,x,y,s) = (1,0,0,0,0,0), with eigenvalues
−4,−2,−2,2,1,0. Nonhyperbolic and behaves as sad-
dle.
– (x2,x3,x4,x,y,s) = (0,0,0,1,0,0), with eigenvalues
0,2,3,4,6,− 6µn . Nonhyperbolic with a 5D unstable man-
ifold for µ < 0. Nonhyperbolic and behaves as saddle
otherwise.
The relevant asymptotic dynamics occurs on the invari-
ant set X2 = X3 = X4 = 0, where the evolution equations re-
duced, after taking a time rescaling, to
dX
dτ
=
√
6Y 2 tan
(
piS
2
)
+3X
(
2X2−1)√1−X2−Y 2,
(350)
dY
dτ
=−XY
(√
6 tan
(
piS
2
)
−6X
√
1−X2−Y 2
)
, (351)
dS
dτ
=
X
(
−6µ sin(piS)−√6cos(piS)+√6
)
pin
. (352)
Summarizing, the equilibrium points/lines with the higher
dimension of the stable manifold are (0,0,0,0,yc,0),(
0,0,0,0,0,
√
6µ
)
, and (0,0,0,0,0,0). For all these solu-
tions the center manifold is 2D. Therefore, one can be in-
terested on the stability analysis of the corresponding cen-
ter manifolds, since they might contain the relevant late-
time attractors. Whereas, the equilibrium points/lines with
the higher dimension of the unstable manifold are(
0,0,1− x2c ,xc,0,
√
6µ
)
,
(
0,0,1− x2c ,xc,0,0
)
,(
0,0,0,−1,0,√6µ
)
,
(
0,0,0,1,0,
√
6µ
)
, (0,0,0,−1,0,0),
(0,0,0,1,0,0). For all these solutions the center manifold is
1D and the unstable manifold is 5D. Therefore, one can be
interested on the stability analysis of the corresponding cen-
ter manifolds, since they might contain the relevant early-
time attractors.
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To analyze the dynamics on the cylinder at infinity it is
more convenient to use the parametrization
X = sin
(
piθ
2
)
,Y = cos
(
piθ
2
)
,θ ∈ [−1,1] . (353)
We consider only the sector Y ≥ 0 due to the system is in-
variant under the reflection Y →−Y . Therefore, we obtain
the system
dθ
dτ
=
2
√
6cos
(piθ
2
)
tan
(piS
2
)
pi
, (354)
dS
dτ
=−
√
6sin
(piθ
2
)
(
√
6µ sin(piS)+ cos(piS)−1)
pin
. (355)
In the figure 16 it is shown (a) a compact phase portrait
of (350), (351), (352) for the choice n = 2,µ = 1. (b) Dy-
namics on the cylinder at infinity given by Eqs. (354), (355)
for some values of n,µ .
8 Conclusions
Although the HL gravity theory in the original presentation
has several drawbacks, still there are several attempts to cure
some of these problems. In [29] the authors reconsidered
the “detailed balance” as a principle that can be used to re-
strict the proliferation of couplings in HL gravity, and were
discussed some resolutions for all of the usual shortcom-
ings within this framework with the most persistent related
to the projectability. The main issues are quite tough to be
solved, including how to derive the RG flows, the calcula-
tion of higher order quantum corrections, and how to recover
Lorentz invariance. The fact some of these issues are very
difficult to be answered, however, does not spoil the inter-
est in the theory. In this paper we have proceeded to a very
detailed analysis of the stability of several cosmological so-
lutions that are of interest for inflation in HL gravity, using
the Center Manifold Theory. We restricted our attention to
few aspects of the theory, and we have focused more about
the mathematical tools used for the analysis of the solution
space of the models. We studied the dynamics of a scalar
field in Horˇava-Lifshitz cosmology for a wide range of self-
interacting potentials for the scalar field under the detailed
- balance condition and without imposing it, by means of
the powerful method of f -devisers. By following this ap-
proach one can study the cosmological consequences of the
model at hand without the need of an a priori specification
of the potential, and in the end one just substitutes the spe-
cific potential form in the results, instead of having to repeat
the whole dynamical elaboration from the start. As we have
seen, the results are richer and more general, revealing the
full capabilities of HL cosmology.
Because of the complexity of our analysis we catego-
rized it in four possible cases: (a) k = 0, Λ = 0, (b) k 6=
0,Λ = 0, (c) k = 0, Λ 6= 0, and (d) k 6= 0, Λ 6= 0. For a gen-
eral potential, the number of equations for the autonomous
dimensionless dynamical system under the detailed-balance
condition in the three first cases is three, and four for case
(d), however, the geometry and the constraint conditions of
the phase space change. Due to in general the designed phase
spaces are non compact, we have implemented a compacti-
fication procedure such that the dynamics in both the finite
and infinity region can be visualized with the help of 2D and
3D phase space by integrating numerically for some specific
potentials.
We considered also the case beyond the detailed-balance
condition. In that analysis we studied the critical points for
a six dimensional dynamical system. For the majority of the
critical points the stability depend on the function form of
the f -devisers. Hence, in order to demonstrate our results we
considered some specific forms for the functions f (s), which
follows from specific potentialsV (φ) proposed before in the
literature.
Specifically, we considered the exponential potential and
for potentials beyond the exponential one, e.g., the power-
law potential V (φ) = 12n (µφ)
2n,µ > 0,n= 1,2, . . . [84] with
f (s) =− s22n ; the potential of the so-called E-model: V (φ) =
V0
(
1− e−
√
2
3α φ
)2n
with f (s) =− s(s−
√
6µ)
2n , µ =
2n
3
√
α , dis-
cussed in [85] for a conventional scalar field cosmology. Ob-
serve that the dynamics of the latter potential is equivalent
to that of the exponential potential plus a cosmological con-
stant, V = V0e−
√
6µφ +Λ having f (s) = −s
(
s−√6µ
)
, up
to a rescaling in the independent variable. Finally, for the
exponential potential since we found that in all cases criti-
cal points which describe de Sitter universes exist. We per-
formed a thorough analysis on the stability of that solutions
with special interests by applying the center manifold the-
orem. The previous findings by Leon & Saridakis were re-
covered and extended and new examples were presented and
discussed. The advantages of using Center Manifold theory
are unveiled immediately when the procedure is compared
with the Normal Forms Calculations presented previously
in the literature. The results of [84, 85] were recovered as
particular cases. We have presented several results concern-
ing the stability of the de Sitter solution in Horˇava-Lifshitz
cosmology using the Center Manifold theory. We find that
in all the cases, with the exception of the model studied in
Section 7.2.1, the de Sitter solution is unstable: saddle or
center-saddle. In Section 7.2.1 we proved that the de Sitter
solution is locally asymptotically stable. These analyzes are
of mathematical relevance for the cosmology.
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Appendix A: Center Manifold theory
In this appendix we summarize the main techniques for the
construction of center manifolds for vector fields in Rn. We
follow the approach of the book [110], chapter 18. The setup
is as follows. We consider vector fields in the form
x′ = Ax+ f(x,y),
y′ = Bx+g(x,y), (x,y) ∈ Rc×Rs, (A.1)
where
f(0,0) = 0,Df(0,0) = 0,g(0,0) = 0,Dg(0,0) = 0. (A.2)
A is a c× c matrix having eigenvalues with zero real parts,
B is an s× s matrix having eigenvalues with negative real
parts, and f and g are Cr functions (r ≥ 2).
Definition 1 (Center Manifold) An invariant manifold will
be called a center manifold for (A.1) if it can locally be
represented as follows
W c (0) = {(x,y) ∈ Rc×Rs : y = h(x) , |x|< δ} ;
h(0) = 0, Dh(0) = 0, (A.3)
for δ sufficiently small (cf. [110] p. 246, [112],p. 155).
The conditions h(0) = 0, Dh(0) = 0 imply that W c (0) is
tangent to Ec at (x,y) = (0,0), where Ec is the generalized
eigenspace whose corresponding eigenvalues have zero real
parts. The following three theorems (see theorems 18.1.2,
18.1.3 and 18.1.4 in [110] p. 245-248) are the main results
to the treatment of center manifolds. The first two are exis-
tence and stability theorems of the center manifold for (A.1)
at the origin. The third theorem allows to compute the cen-
ter manifold to any desired degree accuracy by using Taylor
series to solve a quasilinear partial differential equation that
h(x) must satisfy. The proofs of these results are given in
[113].
Theorem 1 (Existence) There exists a Cr center manifold
for (A.1). The dynamics of (A.1) restricted to the center
manifold is, for u sufficiently small, given by the following
c-dimensional vector field
u′ = Au+ f(u,h(u)) , u ∈ Rc. (A.4)
The next results implies that the dynamics of (A.4) near u=
0 determine the dynamics of (A.1) near (x,y) = (0,0) (see
also Theorem 3.2.2 in [114]).
Theorem 2 (Stability) i) Suppose the zero solution of (A.4)
is stable (asymptotically stable) (unstable); then the zero so-
lution of (A.1) is also stable (asymptotically stable) (unsta-
ble). Then if (x(τ),y(τ)) is a solution of (A.1) with (x(0),y(0))
sufficiently small, then there is a solution u(τ) of (A.4) such
that, as τ → ∞
x(τ) = u(τ)+O(e−rτ),
x(τ) = h(u(τ))+O(e−rτ),
where r > 0 is a constant.
Dynamics Captured by the center manifold. Theorem
2 says that for initial conditions of the full system sufficiently
close to the origin, trajectories through them asymptotically
approach a trajectory on the center manifold. In particular,
singular points sufficiently close to the origin, sufficiently
small amplitude periodic orbits, as well as small homoclinic
and heteroclinic orbits are contained in the center manifold.
The obvious question now is how to compute the center
manifold so that we can use the result of theorem 2? To an-
swer this question we will derive an equation that h(x) must
satisfy in order to its graph to be a center manifold for (A.1).
Suppose we have a center manifold
W c (0) = {(x,y) ∈ Rc×Rs : y = h(x) , |x|< δ} ;
h(0) = 0, Dh(0) = 0, (A.5)
with δ sufficiently small. Using the invariance of W c (0) un-
der the dynamics of (A.1), we derive a quasilinear partial
differential equation that h(x) must satisfy. This is done as
follows:
1. The (x,y) coordinates of any point on W c (0) must sat-
isfy
y = h(x) (A.6)
2. Differentiating (A.6) with respect to time implies that
the (x′,y′) coordinates of any point on W c (0) must sat-
isfy
y′ = Dh(x)x′ (A.7)
3. Any point in W c (0) obey the dynamics generated by
(A.1). Therefore substituting
x′ = Ax+ f(x,h(x)) , (A.8)
y′ = Bh(x)+g(x,h(x)) (A.9)
into (A.7) gives
N (h(x))≡ Dh(x) [Ax+ f(x,h(x))]−Bh(x)
−g(x,h(x)) = 0. (A.10)
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Equation (A.10) is a quasilinear partial differential that
h(x) must satisfy in order for its graph to be an invariant
center manifold. To find the center manifold, all we need to
do is solve (A.10). Unfortunately, it is probably more diffi-
cult to solve (A.10) than our original problem; however the
following theorem give us a method for computing an ap-
proximated solution of (A.10) to any desired degree of ac-
curacy.
Theorem 3 (Approximation) LetΦ :Rc→Rs be a C1 map-
ping with Φ(0) = 0 and DΦ(0) = 0 such thatN (Φ(x)) =
O(‖x‖q) as x→ 0 for some q > 1. Then, |h(x)−Φ(x)| =
O(‖x‖q) as x→ 0.
This theorem allows us to compute the center manifold to
any desired degree of accuracy by solving (A.10) to the same
degree of accuracy, and we can use power series expansions.
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